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k-INTERSECTION EDGE-COLORING SUBCUBIC PLANAR
MULTIGRAPHS
M. SANTANA
Abstract. Given an edge-coloring of a simple graph, assign to every vertex v a set Sv
comprised of the colors used on the edges incident to v. The k-intersection chromatic index
of a graph is the minimum t such that the edge set can be properly t-colored, additionally
requiring that for every two adjacent vertices u and v, |Su∩Sv | ≤ k. For all k 6= 2, this value
is known for subcubic planar graphs, and furthermore, these values are best possible. We
naturally extend this definition to multigraphs with bounded edge multiplicity, and we show
that every subcubic planar multigraph with edge multiplicity at most two has 2-intersection
chromatic index at most 5, which is sharp.
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1. Introduction
All multigraphs in this paper are loopless. A proper edge-coloring of a multigraph is
an edge-coloring in which the edges of each color class form a matching in the original
multigraph. A strong edge-coloring, introduced by Foquet and Jolivet (see [3, 4]), is a proper
edge-coloring in which we require the edges of each color class form an induced matching in
the original multigraph. The (strong) chromatic index of a multigraph G is the minimum t
for which G has a (strong) edge-coloring using t colors.
Given an edge-coloring of a simple graph, assign to every vertex v a set Sv comprised of
the colors used on the edges incident to v. For a fixed positive integer k, a k-intersection
edge-coloring is a proper edge-coloring in which |Su ∩ Sv| ≤ k for all adjacent vertices u
and v. The k-intersection chromatic index of a simple graph G, denoted by χ′k-int(G), is the
minimum t for which G has a k-intersection edge-coloring using t colors.
The notion of k-intersection edge-colorings was introduced in 2002 by Muthu, Narayanan,
and Subramanian [6] and was defined as above for simple graphs. This same definition
extends to loopless multigraphs in the natural way, however we require the edge multiplicity
of the multigraph to be at most k, as otherwise it is not well-defined. In particular, a
1-intersection edge-coloring exists only for simple graphs.
For simple graphs, when k is at least the maximum degree, a k-intersection edge-coloring
is equivalent to a proper edge-coloring, and furthermore, a 1-intersection edge-coloring is
equivalent to strong edge-coloring. Thus, the concept of k-intersection edge-coloring provides
a sequence of parameters which join the notions of proper edge-colorings and strong edge-
colorings.
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Recently, Borozan et al [1] show that computing χ′k-int(G) is NP-complete for every k ≥
1. They also compute bounds on χ′k-int(G) for various families of graphs. In particular,
they show that every subcubic graph G (i.e., G has maximum degree at most three) has
χ′2-int(G) ≤ 6. However, it is unknown whether or not this is best possible. In this paper, we
will restrict ourselves to subcubic planar graphs.
By Vizing’s Theorem, every subcubic planar graph G has χ′k-int(G) ≤ 4 for k ≥ 3, and
this is best possible. Recently, Kostochka et al [5] show that the strong chromatic index of
subcubic planar multigraphs is at most 9. This is best possible and verifies a conjecture of
Faudree et al [2]. As a corollary, every subcubic planar graph G has χ′1-int(G) ≤ 9. The
aim of this paper is to complete the spectrum of k-intersection edge-colorings for subcubic
planar graphs, by proving the following stronger statement.
Theorem 1. Every subcubic planar multigraph G with edge multiplicity at most two has
χ′2-int(G) ≤ 5.
This is best possible by considering the complete graph on four vertices. As mentioned
previously, 2-intersection edge-coloring a multigraph with edge multiplicity at least three is
not well-defined.
The structure and proof of Theorem 1 will follow very closely to that of Kostochka et
al [5]. In Section 2, we provide the notation we will use. The remaining sections assume
the existence of a minimal counterexample. Section 3 contains basic properties of a minimal
counterexample, including the fact that it has no cycles of length three or four. Additionally,
if two vertices of degree 2 exist on a face, then the distance between them on the boundary
is at least five. The lemmas in Section 4 will show that if a face has a vertex of degree 2 on
its boundary, then the face has length at least eight. Section 5 contains two lemmas showing
that every face of length five is surrounded by faces of length at least seven. The proofs
of these two lemmas are detailed and involve many pages of case analysis. For the sake of
brevity, these details can be found in the Appendix. Lastly, Section 6 contains a discharging
proof based on the lemmas presented in Sections 3, 4 and 5.
2. Preliminaries and notation
In the proof of Theorem 1, we will often remove vertices or edges from a minimal coun-
terexample and obtain a 2-intersection edge-coloring of the remaining multigraph. To aid
us, we introduce some notation that we will use in our explanations. As mentioned, much
of this notation is also found in [5].
Lower case Greek letters, such as α, β, γ, δ, will be used to denote arbitrary colors, and we
use φ, σ, ψ to denote colorings. Also an i-vertex is a vertex of degree i in our multigraph,
and a j-face is a face of length j in our plane multigraph. An i+-vertex and j+-face is a
vertex of degree at least i and a face of length at least j, respectively.
A coloring of a multigraph G is good, if it is a 2-intersection edge-coloring of G using at
most 5 colors. A partial coloring of a multigraph G is a coloring of any subset of E(G). Let
φ be a partial coloring of a multigraph G. For v ∈ V (G), let Uφ(v) denote the set of colors
used on the edges incident to v. In partcular, if no edges incident to v are colored by φ, then
Uφ(v) = ∅. We say that a partial coloring φ is a good partial coloring of G, if for any two
adjacent vertices v1 and v2 in G, |Uφ(v1) ∩ Uφ(v2)| ≤ 2. At times we will refer to only one
partial coloring which will not be named. In these cases we will suppress the subscripts in
the above notation.
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Suppose x0x1 . . . xk−1 is a cycle of length k whose edges are all uncolored, and let α0, α1,
. . . , αk−1 be colors. We will say that we color the cycle in order with α0, α1, . . . , αk−1, when
we color xixi+1 with αi, where i is taken modulo k.
3. Basic Properties
Everywhere below we assume G to be a subcubic planar multigraph with edge multiplicity
at most two contradicting Theorem 1. Among all such counterexamples, we assume that G
has fewest vertices, and over all such counterexamples, has fewest edges. G is connected,
as otherwise we can color each component by the minimality of G, and so obtain a good
coloring of G. As G is planar, we assume G to be a plane multigraph in all the following
statements. That is, we consider G together with an embedding of G into the plane.
In this section, we will show several properties of G, including that G is simple, has no
small cycles and the distance between any two 2-vertices is at least four in G. We will end
this section by showing that 2-vertices are on the boundary of the same face, the distance
between them on the boudary is at least five.
Lemma 2. G has no multiple edges, i.e., G is a simple graph.
Proof. Suppose that e1 and e2 are parallel edges in G with endpoints, u and v. Suppose first
that u and v have a common neighbor w. By the minimality of G, G− e1 − e2 has a good
coloring. Without loss of generality U(w) ⊆ {1, 2, 3}. We then color e1 and e2 with 4 and 5,
respectively. This is a good coloring of G.
Now suppose u has a neighbor u′ such that u′ /∈ NG(v). G
′ = G− {u}+ u′v is a subcubic
planar multigraph with edge multiplicity at most two, which has a good coloring by the
minimality of G. Suppose that u′v is colored 1. We then impose this coloring onto G by
coloring uu′ with 1. If v had another neighbor, say v′, then vv′ was colored with a color
different from 1, say 2. Our arim is to color the edges between u and v with colors from
{3, 4, 5}.
Without loss of generality, suppose 3 /∈ U(u′). If U(v′) 6= {2, 3, 4}, color e1 and e2 with 3
and 4, otherwise color them with 3 and 5. This yields a good coloring of G and proves the
lemma. 
Note that by Lemma 2, if G′ is obtained from G by adding edges between distinct pairs
of vertices, then G′ will always be a multigraph with edge multiplicity at most two. We will
use this in often to create auxiliary multigraphs smaller than G that are subcubic planar,
and have edge multiplicity at most two.
Lemma 3. Let φ be a good partial coloring of G, and let uv ∈ E(G) be uncolored by φ. If
either Uφ(u) or Uφ(v) is empty, then φ can be extended to another good partial coloring of G
by coloring uv.
Proof. Without loss of generality, suppose Uφ(u) = ∅. If v is incident to at most one colored
edge, then we simply color uv properly, and we are done. So we may assume that v is a
3-vertex with other neighbors v1 and v2, and φ(vvi) = i for i ∈ {1, 2}. If we cannot extend φ
by coloring uv with 3, then either Uφ(v1) or Uφ(v2) is {1, 2, 3}. Similarly, if we cannot extend
φ by coloring uv with 4. So we may assume Uφ(v1) = {1, 2, 3} and Uφ(v2) = {1, 2, 4}. Thus,
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we extend φ by coloring uv with 5. 
Lemma 4. G has minimum degree at least 2.
Proof. Suppose that v is a 1-vertex and u is the neighbor of v. Then G − v has a good
coloring. This is a good partial coloring of G in which U(v) = ∅. Thus, by Lemma 3, G has
a good coloring. 
Lemma 5. G has no cut-vertex and no cut-edge.
Proof. Since G is subcubic, the existence of a cut-vertex implies the existence of a cut-edge.
Thus, it suffices to suppose that G has a cut-edge, say v1v2. For i = 1, 2, let Hi be the
component of v1v2 containing vi. By Lemma 4, |V (Hi)| ≥ 2. Define G1 to be the graph
consisting of H1 together with v2 and the edge v1v2. Similarly define G2 to be the graph
consisting of H2 together with v1 and the edge v1v2.
By the minimality of G, G1 and G2 have good colorings, φ1 and φ2, respectively. We may
assume Uφ1(v1) ⊆ {1, 2, 3}, Uφ2(v2) ⊆ {1, 4, 5} with φ1(v1v2) = φ2(v1v2) = 1. Merging these
two colorings yields a good coloring of G. 
Lemma 6. If {e1, e2} is an edge-cut in G, then e1 and e2 are adjacent to each other.
Proof. If not, then we have an edge-cut {u1v1, u2v2} in G that is a matching. We may
assume that u1 and u2 are in the same component of G− u1v1 − u2v2 so that we can define
Hu to be the component of G − u1v1 − u2v2 containing v1 and v2. Let Hv = G − Hu, and
let Gu be the graph consisting of Hu together with a new vertex u whose neighborhood is
{v1, v2}. Similarly, let Gv be the graph consisting of Hv together with a new vertex v whose
neighborhood is {u1, u2}. Observe that Gu and Gv are subcubic planar multigraphs, and so
by the minimality of G, Gu and Gv have good colorings φu and φv, respectively.
Permute these colorings so that for i ∈ {1, 2}, φv(uiv) = φu(viu). If Uφu(v1) 6= Uφv(u1)
and Uφu(v2) 6= Uφv(v2), then merging these two colorings yields a good coloring of G. So
suppose that Uφu(v1) = Uφv(u1) = {1, 2, 3} with φu(uv1) = φv(vu1) = 1.
Since φu is a good coloring, either φu(uv2) ∈ {2, 3} or φu(uv2) ∈ {4, 5}. Suppose first that
φu(uv2) = 2. Suppose Uφv(u2) = Uφu(v2). If 3 ∈ Uφu(v2), then switch 3 with a color from
{4, 5} \Uφu(v2) in φu. If 3 /∈ Uφu(v2), then switch 3 with a color in {4, 5}∩Uφu(v2). In either
case, merging this new coloring with φv yields a good coloring of G.
So Uφv(u2) 6= Uφu(v2). Suppose Uφu(v2) = {2, 4, 5}. If {4, 5} ∩ Uφv(u2) = ∅, then switch
3 with either 4 or 5 in φu. Otherwise, switch 3 with a color in {4, 5} ∩ Uφv(u2) in φu. Now
suppose {4, 5} ∩ Uφu(v2) = {4}. If 3 ∈ Uφu(v2), then switch 3 with 4 in φu, otherwise switch
3 with 5 in φu. A similar argument holds when {4, 5}∩Uφu(v2) = {5}, so Uφu(v2) = {1, 2, 3}.
By symmetry, Uφv(u2) = {1, 2, 3}, however we assume Uφv(u2) 6= Uφu(v2), a contradiction.
In all cases, we obtain either a contradiction or a new good coloring of Gu, φ
′
u such that
Uφ′
u
(v2) 6= Uφv(u2) and Uφ′u(v1) 6= Uφv(u1). So merging φv with φ
′
u yields a good coloring of
G.
Thus, it remains to consider when φu(uv2) = 4. Suppose Uφu(v2) = Uφv(u2). If 5 ∈
Uφu(v2), switch 5 with a color in {2, 3} \ Uφu(v2) in φu. Otherwise, switch 5 with a color in
{2, 3} ∩ Uφu(v2).
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So Uφu(v2) 6= Uφv(u2). Suppose Uφu(v2) = {2, 3, 4}. If {2, 3} ∩ Uφv(u2) = ∅, then switch
5 with either 2 or 3 in φu. Otherwise, switch 5 with a color in {2, 3} ∩ Uφv(u2) in φu. Now
suppose {2, 3} ∩ Uφu(v2) = {2}. If 5 ∈ Uφu(v2), switch 5 with 2 in φu. Otherwise, switch 5
with 3 in φu. A similar argument holds when {2, 3} ∩ Uφu(v2) = {3}, so Uφu(v2) = {1, 4, 5}.
By symmetry, Uφv(u2) = {1, 4, 5}, however we assume Uφv(u2) 6= Uφu(v2), a contradic-
tion. In all cases, we obtain either a contradiction or a new coloring of Gu, φ
′
u such that
Uφ′
u
(v2) 6= Uφv(u2) and Uφ′u(v1) 6= Uφv(u1). So merging φv with φ
′
u yields a good coloring of
G. 
Lemma 7. G has no triangles.
Proof. Suppose that x, y, z is a triangle in G. Suppose first that x is a 2-vertex, and let y1
and z1 be the potential third neighbors of y and z, respectively. By the minimality of G,
G−x has a good coloring. Suppose that yz is colored 1 and U(y)∪U(z) ⊆ {1, 2, 3}. Without
loss of generality U(y) ⊆ {1, 2}. If 1 /∈ U(z′), color xz with either 4 or 5. Otherwise, color
xz with a color from {4, 5} \ U(z′). Without loss of generality, suppose xz is colored with 5.
If 1 /∈ U(y′), color xy with either 3 or 4. Otherwise, color xz with a color from {3, 4} \U(z′).
This yields a good coloring of G so that every vertex in {x, y, z} is a 3-vertex.
Let x1, y1, z1 be the third neighbors of x, y, z, respectively. If x1 = y1 = z1, then G = K3,
and we are done. So suppose y1 6= z1. G
′ = G − {x, y, z} + y1z1 is a subcubic planar
multigraph with multiplicity at most two. By the minimality of G, G′ has a good coloring.
We impose this coloring onto G by coloring yy1 and zz1 with the color used on the added
y1z1 in G
′. This yields a good partial coloring of G, call it φ.
Suppose φ(yy1) = φ(zz1) = 1. We may assume that either both y1 and z1 are 2-vertices
or that y1 is a 3-vertex. In either case, suppose Uφ(y1) ⊆ {1, 2, 3}. By the existence of the
added y1z1 in G
′, Uφ(z1) 6= {1, 2, 3}. Therefore, we can extend φ by coloring xz and yz from
{2, 3} so that xz is colored from {2, 3} \ {φ(xx1)}. Without loss of generality, assume xz
and yz are colored with 2 and 3, respectively.
Suppose φ(xx1) ∈ {1, 2, 3}. If φ(xz) /∈ Uφ(x1), color xy with either 4 or 5. Otherwise,
color xy with a color from {4, 5} \ Uφ(x1). This yields is a good coloring of G.
So φ(xx1) ∈ {4, 5}. Without loss of generality, suppose φ(xx1) = 4. If Uφ(x1) 6= {2, 5},
color xy with 5. Otherwise, color xy with 5, and then recolor xz and yz with 3 and 2,
respectively. In either case, we obtain a good coloring of G. 
Lemma 8. The distance between any two 2-vertices is at least three.
Proof. Suppose first that u and v are adjacent 2-vertices in G. By Lemma 7, u and v have
distinct neighbors u1 and v1, respectively. By the minimality of G, G − uv has a good
coloring. We then properly color uv to obtain a good coloring of G.
Now suppose that v is a 3-vertex with neighbors x, y, z such that x and y are 2-vertices.
If z is a 2-vertex, then by the minimality of G, G− v has a good coloring. We then properly
color xv, yv, zv to obtain a good coloring of G. So we may assume that z is a 3-vertex.
By the minimality of G, G− xv − yv has a good coloring. Suppose that U(z) = {1, 2, 3},
U(x) = {α}, and U(y) = {β}. We first color xv with a color in {4, 5} \ {α}, and then color
yv properly. This yields a good coloring of G. 
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Lemma 9. G has no separating cycle of length four or five.
Proof. We first show that G has no 4-cycle with a 2-vertex. Suppose that x0x1x2x3 is a
4-cycle. Suppose x0 is a 2-vertex. By Lemma 8, x0 is the only 2-vertex on this 4-cycle. For
i ∈ {1, 2, 3}, let yi be the third neighbor of xi. By Lemma 7, the yi’s are not on this 4-cycle,
y1 6= y2, and y2 6= y3.
Let G′ be formed from G be removing x0, x1, x2, x3, adding a new vertex x and edges
xy1, xy2, xy3. If y1 = y3, then xy1, xy3 are parallel edges. Regardless, G
′ is still a subcubic
planar multigraph with multiplicity at most two. Thus, by the minimality of G, G′ has a
good coloring. We impose this good coloring onto G by coloring xiyi with the color on xxi
for i ∈ {1, 2, 3}, and without loss of generality assume xiyi is colored i.
We extend this to another good partial coloring of G, call it φ, by coloring x0x1 with 2
and x1x2 with 3. if 3 /∈ Uφ(y2), color x2x3 with either 4 or 5. Otherwise, color x2x3 with a
color from {4, 5} \ Uφ(y2). Let α be the color used on x2x3. If α /∈ Uφ(y3), color x3x0 with a
color from {1, 4, 5} \ {α}. Otherwise, color x3x0 with a color from {1, 4, 5} \ (Uφ(y3)∪ {α}).
This yields a good coloring of G so that G has no 4-cycle with a 2-vertex. We will use this
to show that G has no separating 4-cycle or 5-cycle.
If on the contrary, G has a separating 4-cycle or 5-cycle, call it C. By Lemma 7, C has
no chords, and as G is subcubic, each vertex of C is incident to at most one edge not on
C. Since ⌊5
2
⌋ = 2, by symmetry we may assume that there are at most two edges inside C
that are incident to vertices on C (recall that G is assumed to be embedded in the plane). If
there is exactly one such edge, then G has a cut-edge, contradicting Lemma 5. So, we have
two such edges, which are in fact cut-edges, and by Lemma 6, these edges share a common
endpoint, say u, inside of C. Now, u is a 2-vertex, as otherwise it would be a cut-vertex
with a cut-edge. However, u together with the vertices of C has either a triangle or a 4-cycle
containing a 2-vertex, contradicting Lemma 7 or the above, respectively. Thus, G has no
separating 4-cycle or 5-cycle. 
Lemma 10. G has no 4-cycle.
Proof. Suppose that x0x1x2x3 is a 4-cycle in G. By Lemma 9, this cycle is a 4-face and as
is shown in the proof of Lemma 9, each xi is a 3-vertex. As a result, we let yi denote the
third neighbor of xi. By Lemmas 7 and 9, the yi’s are distinct and not on the 4-cycle. Let
G′ = G − {x0, x1, x2, x3} + y0y1 + y2y3. Observe that G
′ is a subcubic planar multigraph
with multigraph with multiplicity at most two. Thus, by the minimality of G, G′ has a good
coloring. We impose this good coloring onto G by coloring x0y0 and x1y1 with the color
assigned to y0y1, and coloring x2y2 and x3y3 with the color assigned to y2y3. Let φ denote
this good partial coloring of G.
By symmetry, we may assume that either y0 and y1 are both 2-vertices, or that y0 is a 3-
vertex. Now without loss of generality, assume Uφ(y0) ⊆ {1, 2, 3} with φ(x0y0) = φ(x1y1) = 1.
Thus by the existence of y0y1 in G
′, Uφ(y1) 6= {1, 2, 3}. We proceed based on φ(x2y2), which
up to relabeling, we may assume is in {1, 2, 4}.
Case 1. φ(x2y2) = φ(x3y3) = 1.
Suppose Uφ(y3) 6= {1, 4, 5}. We color x0x1 and x1x2 with 2 and 3, respectively. If 3 /∈
Uφ(y2), we color x2x3 with either 4 or 5. Otherwise, color x2x3 with a color from {4, 5} \
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Uφ(y2). In either case, let α denote the color used on x2x3, and we color x3x0 from {4, 5}\{α}.
This yields a good coloring of G.
Thus, Uφ(y3) = {1, 4, 5}. A similar argument holds when Uφ(y1) 6= {1, 4, 5} by coloring
x2x3 and x3x0 with 3 and 2, respectively. So Uφ(y1) = {1, 4, 5}. We now color x0x1 and x1x2
with 4 and 2, respectively. If 2 /∈ Uφ(y2), we color x2x3 with either 3 or 5. Otherwise, we
color x2x3 with a color from {3, 5} \ Uφ(y2). In either case, let β denote the color used on
x2x3, and we color x3x0 from {3, 5} \ {β}. This yields a good coloring of G.
Case 2. φ(x2y2) = φ(x3y3) = 2.
The same argument as above yields Uφ(y3) = {2, 4, 5}. By the existence of y2y3 in G
′,
Uφ(y2) 6= {2, 4, 5}. Now Uφ(y1) = {1, 4, 5}, otherwise color the cycle in order with 5, 4, 5, 3.
We now color x2x3 and x3x0 with 1 and 4, respectively. If 1 /∈ Uφ(y2), we color x1x2 with
either 3 or 5. Otherwise, we color x1x2 with a color from {3, 5}\Uφ(y2). In either case, let α
denote the color used on x1x2, and color x3x0 from {3, 5} \ {α}. This yields a good coloring
of G.
Case 3. φ(x2y2) = φ(x3y3) = 4.
We begin by coloring x0x1, x1x2, x3x0 with 2, 3, and 5, respectively. Suppose 3 /∈ Uφ(y2).
If 5 /∈ Uφ(y3), color x2x3 with either 1 or 2. Otherwise, color x2x3 with a color from
{1, 2} \ Uφ(y3). In either case, this yields a good coloring of G. So 3 ∈ Uφ(y2), and by a
similar argument, 5 ∈ Uφ(y3).
We now color x0x1, x1x2, x3x0 with 3, 2, and 5, respectively. If 2 /∈ Uφ(y2), color x2x3 with
a color from {1, 3} \ Uφ(y3). So 2 ∈ Uφ(y2) and Uφ(y2) = {2, 3, 4}. Also Uφ(y3) = {1, 4, 5},
otherwise color the cycle in order with 3, 2, 1, 5. This is a good coloring of G.
If Uφ(y1) 6= {1, 4, 5}, color the cycle in order with 4, 5, 3, 2, respectively. Otherwise, color
the cycle in order with 4, 2, 5, 3, respectively. These yield a good colorings of G.
As we have exhausted all cases, this proves the lemma. 
In the proof of Lemma 10, we repeat the same argument several times, and we will continue
to do so in much of the following. Thus, for the sake of brevity we will replace this argument
with a short statement. Let φ be a good partial coloring of G, and let xy be a colored edge
in G under φ such that x is a 3-vertex incident to exactly one uncolored edge, call it e1. Let
γ be the color used on the colored edge incident to x that is not xy, and let α and β be colors
such that {α, β} ∩ {φ(xy), γ} = ∅. Lastly, let {e2, . . . , ek} and {e
′
1, . . . , e
′
k′} be two, possibly
empty, collections of uncolored edges such that {e2, . . . , ek} ∩ {e
′
1, . . . , e
′
k′} = ∅. We will say
that we color e1, e2, . . . , ek (and e
′
1, e
′
2, . . . , e
′
k′) from {α, β} with respecto to γ and Uφ(y) by
coloring e1, e2, . . . , ek with α or β, and coloring e
′
1, e
′
2, . . . , e
′
k′ with β or α, respectively. They
way e1 is colored is as follows. If γ /∈ Uφ(y), we can color e1 with either α or β. Otherwise,
we color e1 with a color from {α, β} \ Uφ(y). By doing so and choosing α and β carefully,
this will extend φ to another good partial coloring of G.
Lemma 11. The distance between any two 2-vertices is at least four.
Proof. Now suppose x0x1x2x3x4x5 is a path in G where x1 and x4 are 2-vertices. By Lemma
8, x0, x2, x3, and x5 are 3-vertices. Let y2 and y3 be the third neighbors of x2 and x3,
respectively. By Lemmas 7, 10, and 8, y2 and y3 are distinct, not on this path, nonadjacent,
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and are 3-vertices. Let G′ = G − {x2, x3} + y2y3. Observe that G
′ is a subcubic planar
multigraph with multiplicity at most two. Thus, by the minimality of G, G′ has a a good
coloring. We impose this coloring onto G by coloring x2y2 and x3y3 with the color used on
y2y3. Let φ denote this good partial coloring of G.
Let α := φ(x0x1) and β := φ(x4x5). Without loss of generality, suppose Uφ(y2) = {1, 2, 3}
with φ(x2y2) = φ(x3y3) = 1. We may also suppose that β 6= 2. By the existence of y1y2
in G′, Uφ(y3) 6= {1, 2, 3}. Therefore, we color x2x3 and x3x4 with 3 and 2, respectively, and
then color x1x2 with a color from {4, 5} \ {α}. This yields a good coloring of G. 
Lemma 12. If the boundary of a face in G contains a pair of 2-vertices, then the distance
on the boundary between them is at least five.
Proof. By Lemma 11, any face contradicting the statement has length at least eight and
contains a path x0x1x2x3x4x5x6 such that x1 and x5 are 2-vertices. By Lemma 11, all other
xi are 3-vertices, and so, for j ∈ {2, 3, 4} we let yj be the third neighbor of xj . By Lemmas
7, 9, 10, and 11, y3, y4, y5 are not on this path, distinct, pairwise nonadjacent, and are
3-vertices.
Let G′ be obtained from G by removing x1, x2, x3, x4, x5, adding a new vertex x, and
adding the edges xy2, xy3, xy4, x0x6. Observe that G
′ is a subcubic planar multigraph with
multiplicity at most two. Thus, by the minimality of G, G′ has a good coloring. We impose
this good coloring onto G by coloring xiyi with the same color used on xxi, and coloring
x0x1 and x5x6 with the same color used on x0x6. Let φ denote this good partial coloring of
G.
Without loss of generality assume φ(xiyi) = i for i ∈ {2, 3, 4}, and let α := φ(x0x1) =
φ(x5x6). By the construction of G
′, Uφ(y3) 6= {2, 3, 4}. Suppose α ∈ {2, 3, 4}. We then color
x2x3 and x3x4 with 4 and 2, respectively. Now color x4x5 from {1, 5} with respect to 2 and
Uφ(y4), and color x1x2 with a color from {1, 5} with respect to 4 and Uφ(y2). This yields a
good coloring of G.
So without loss of generality, α = 1. Suppose Uφ(y2) 6= {2, 4, 5}. By the construction of
G′, Uφ(y4) 6= {2, 3, 4}. So we color x3x4 and x4x5 with 2 and 3, respectively. We then color
x2x3 (and x1x2) from {4, 5} with respect to 2 and Uφ(y3). This yields a good coloring of G.
So Uφ(y2) = {2, 4, 5}, and by a symmetric argument Uφ(y4) = {2, 4, 5}. We now color
x1x2, x2x3, x4x5 with 4, 1, 3, respectively, and color x3x4 from {2, 5} with respect to 1 and
Uφ(y3). This yields a good coloring of G. 
4. Faces Without 2-Vertices
In this section, we show that if a face has a 2-vertex, then that face must have length at
least eight.
Lemma 13. Every vertex of a 5-cycle in G is a 3-vertex.
Proof. By Lemma 9, it suffices to consider 5-faces. Suppose on the contrary that x0x1x2x3x4
is a 5-face in G and x0 is a 2-vertex. Lemma 11 implies that each xi other than x0 has a third
neighbor yi. By Lemmas 7, 9 and 10, these yi are distinct, not on our cycle and pairwise
nonadjacent except for possibly y1y4. Furthermore, each yi is a 3-vertex by Lemma 11.
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Let G′ = G − {x0, x1, x2, x3, x4} + y1y2 + y3y4. Observe that G
′ is a subcubic planar
multigraph with multiplicity at most two. Thus, by the minimality of G, G′ has a good
coloring. We impose this coloring onto G by coloring x1y1 and x2y2 with the color used on
y1y2, and coloring x3y3 and x4y4 with the color used on y3y4. Let φ denote this good partial
coloring of G.
Without loss of generality, suppose Uφ(y3) = {1, 2, 3} with φ(x3y3) = φ(x4y4) = 1. By the
construction of G′, Uφ(y4) 6= {1, 2, 3}.
Case 4. φ(x1y1) = φ(x2y2) ∈ {1, 2}.
Suppose Uφ(y2) 6= {1, 4, 5}. Color x0x1, x3x4, x4x0 with 3, 3, 2, respectively. We then color
x1x2 (and x2x3) from {4, 5} with respect to 3 and Uφ(y1). This yields a good coloring of G.
So Uφ(y2) = {1, 4, 5}, and by the contruction of G, Uφ(y1) 6= {1, 4, 5}. Now Uφ(y4) =
{1, 4, 5}, otherwise color the cycle in order with 4, 5, 3, 4, 5. We then color the cycle in
order with 4, 5, 3, 4, 2. These are good colorings of G and prove the case.
Case 5. φ(x1y1) = φ(x2y2) = 4.
Suppose Uφ(y1) 6= {1, 2, 4}. Color x2x3, x3x4, x4x0 with 5, 2, 3, respectively. We then color
x1x2 (and x0x1) from {1, 2} with respect to 5 and Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 2, 4}. Color x0x1, x1x2, x2x3, x3x4 with 3, 1, 2, 3, respectively. We then
color x4x0 from {4, 5} with respect to 3 and Uφ(y4). This yields a good coloring of G. 
Lemma 14. Every vertex of a 6-cycle in G is a 3-vertex.
Proof. Suppose that G has a 6-cycle C given by x0x1x2x3x4x5 on which x0 is a 2-vertex. By
Lemma 12, x0 is the only 2-vertex of C.
Case 1. C is a separating 6-cycle.
By Lemmas 7, 9 and 10, C has no chords. As G is subcubic, each vertex of C is incident
to at most one edge not on C. Since ⌊5
2
⌋ = 2, by symmetry we may assume that there
are at most two edges inside C that are incident to vertices on C (recall that G is assumed
to be embedded in the plane). If there is exactly one such edge, then G has a cut-edge,
contradicting Lemma 5. So, we have two such edges, and by Lemma 6 these edges share a
common endpoint, say u, inside of C. Now, u is a 2-vertex, else it is a cut-vertex with a
cut-edge. However, u together with the vertices of C contains either a triangle, a 4-cycle, or
a 5-cycle containing a 2-vertex, contradicting Lemmas 7, 10, 9, or 13, respectively.
Case 2. C is not a separating 6-cycle.
Recall that G is assumed to be embedded into the plane. Thus C must be the boundary
of a 6-face. As mentioned above, each xi, other than x0, is a 3-vertex and so has a third
neighbor yi. We claim that these yi’s are distinct, pairwise disjoint and not on C. Indeed,
if any yi was on C, we would create either a triangle or 4-cycle, contradicting Lemmas 7
and 10. For i ∈ {1, 2, 3, 4}, if yi = yi+1, we have a triangle contradicting Lemma 7. For
i ∈ {1, 2, 3, 5} taken modulo 5, if yi = yi+2, we have a 4-cycle contradicting Lemma 10.
For i ∈ {1, 2}, if yi = yi+3, then yixixi+1xi+2xi+3yi+3 is a separating 5-cycle contradicting
Lemma 9. Thus, the yi’s are distinct. For i ∈ {1, 2, 3, 4}, if yiyi+1 ∈ E(G), we have a 4-cycle
contradicting Lemma 10. For i ∈ {1, 2, 3} if yiyi+2 ∈ E(G), we have a separating 5-cycle
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contradicting Lemma 9. If y5y1 ∈ E(G), then y1x1x0x5y5y1 is a 5-cycle containing a 2-vertex
contradicting Lemma 13. For i ∈ {1, 2} if yiyi+3 ∈ E(G), then yixixi+1xi+2xi+3yi+3yi is a
separating 6-cycle contradicting Case 1. Thus, the yi’s are pairwise disjoint. Furthermore,
by Lemma 11, the only possible 2-vertex amongst the yi’s is y3.
Now, let G′ be the plane graph formed from G by removing x0, x1, x2, x3, x4, x5, and adding
the edges y1y2 and y4y5. Observe that G
′ is a subcubic planar multigraph with multiplicity
at most two. Thus, by the minimality of G, it has a good coloring. We can impose this
coloring onto G by coloring x1y1 and x2y2 with the color used on y1y2, and coloring x4y4, x5y5
with the color used on y4y5. Call this good partial coloring of G, φ.
Without loss of generality, assume φ(x4y4) = φ(x5y5) = 1 and Uφ(y4) = {1, 2, 3}. By the
existence of y4y5 in G
′, Uφ(y5) 6= {1, 2, 3}. Let α := φ(x3y3).
Subcase 2.1. φ(x1y1) = φ(x2y2) = 1.
Without loss of generality, we may assume that α 6= {2, 5}. Suppose Uφ(y3) 6= {α, 2, 5}.
Color x2x3, x3x4, x4x5, x5x0 with 2, 5, 3, 2, respectively. We then color x1x2 from {3, 4} with
respect to 2 and Uφ(y2). Let β ∈ {3, 4} denote the color used on x1x2. We then color x0x1
from {3, 4, 5} \ {β} with respect to β and Uφ(y1). This yields a good coloring of G.
So Uφ(y3) = {α, 2, 5}. If α = 1, color x2x3 and x3x4 with 4 and 5, respectively. We then
color x1x2 from {2, 5} with respect to 4 and Uφ(y2). Let γ denote the color used on x1x2,
and color x0x1 from {2, 3, 5} \ {γ} with respect to γ and Uφ(y1). We then color x4x5 and
x5x0 properly from {2, 3}. This yields a good coloring of G.
So α ∈ {3, 4}, and there exists α¯ such that {α, α¯} = {3, 4}. Color x2x3 and x3x4 with
α¯ and 5, respectively. We then color x1x2 from {2, 5} with respect to α¯ and Uφ(y2). Let
γ ∈ {2, 5} denote the color used on x1x2, and color x0x1 from {α, 2, 5} \ {γ} with respect to
γ and Uφ(y1). We then color x4x5 and x5x0 properly from {2, 3}. This yields a good coloring
of G.
Subcase 2.2. φ(x1y1) = φ(x2y2) = 2.
Subcase 2.2.1. α ∈ {1, 2}.
Suppose Uφ(y3) 6= {α, 4, 5}. Color x2x3, x3x4, x4x5, x5x0 with 5, 4, 3, 2, respectively. Color
x1x2 from {1, 3} with respect to 5 and Uφ(y2). Let β denote the color used on x1x2. We then
color x0x1 from {1, 3, 4} \ {β} with respect to β and Uφ(y1). This yields a good coloring of
G.
So Uφ(y3) = {α, 4, 5}. Suppose Uφ(y1) 6= {2, 4, 5}. Color x2x3, x4x5, x5x0 with 3, 2, 3,
respectively. Color x1x2 (and x0x1 and x3x4) from {4, 5} with respect to 3 and Uφ(y2). This
yields a good coloring of G.
So Uφ(y1) = {2, 4, 5}. Color x0x1, x2x3, x4x5, x5x0 with 1, 3, 2, 3, respectively. We then
color x1x2 (and x3x4) from {4, 5} with respect to 3 and Uφ(y2). This yields a good coloring
of G.
Subcase 2.2.2. α = 3.
Suppose Uφ(y3) 6= {3, 4, 5}. Color x1x2, x4x5, x5x0 with 1, 3, 2, respectively. Color x2x3
(and x3x4) from {4, 5} with respect to 1 and Uφ(y2). Let β denote the color used on x2x3,
and color x0x1 from {3, 4, 5} \ {β} with respect to 1 and Uφ(y1). This yields a good coloring
of G.
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So Uφ(y3) = {3, 4, 5}. Suppose Uφ(y1) 6= {2, 4, 5}. Color x2x3, x3x4, x4x5, x5x0 with 1, 4, 2,
3, respectively. Color x1x2 (and x0x1) from {4, 5} with respect to 1 and Uφ(y2). This yields
a good coloring of G.
So Uφ(y1) = {2, 4, 5}. Then Uφ(y2) = {1, 2, 3}, otherwise color the cycle in order with 4,
3, 1, 4, 2, 3. This is a good coloring of G. We then color x0x1, x1x2, x2x3, x4x5 with 3, 4,
1, 2, respectively. We then color x5x0 (and x3x4) from {4, 5} with respect to 2 and Uφ(y5).
This yields a good coloring of G.
Subcase 2.2.3. α ∈ {4, 5}.
Let α¯ be such that {α, α¯} = {4, 5}. Suppose Uφ(y3) 6= {3, 4, 5}. Color x2x3, x3x4, x4x5, x5x0
with 3, α¯, 3, 2, respectively. Now color x1x2 from {4, 5} with respect to 3 and Uφ(y2). Let
β denote the color used on x1x2. We then color x0x1 from {1, 4, 5} \ {β} with respect to β
and Uφ(y1). This yields a good coloring of G.
So Uφ(y3) = {3, 4, 5}. Color x2x3, x3x4, x4x5, x5x0 with 1, α¯, 3, 2, respectively. Now color
x1x2 from {4, 5} with respect to 1 and Uφ(y2). Let γ denote the color used on x1x2. We then
color x0x1 from {3, 4, 5} \ {γ} with respect to γ and Uφ(y1). This yields a good coloring of
G.
Subcase 2.3. φ(x1y1) = φ(x2y2) = 4.
Subcase 2.3.1. α ∈ {1, 4, 5}.
If α = 5, suppose Uφ(y3) 6= {2, 4, 5}. Color x2x3, x3x4, x4x5, x5x0 with 2, 4, 3, 2, respec-
tively. Now color x1x2 from {1, 3} with respect to 2 and Uφ(y2). Let β denote the color used
on x1x2, and color x0x1 from {1, 3, 5} \ {β} with respect to β and Uφ(y1). This yields a good
coloring of G.
If α ∈ {1, 4}, suppose Uφ(y3) 6= {α, 2, 5}. Color x2x3, x3x4, x4x5, x5x0 with 2, 5, 3, 2,
respectively. Now color x1x2 from {1, 3} with respecto to 2 and Uφ(y2). Let γ denote the
color used on x1x2, and color x0x1 from {1, 3, 5} \ {γ} with respect to γ and Uφ(y1). This
yields a good coloring of G.
Subcase 2.3.2. α ∈ {2, 3}.
Let α¯ be such that {α, α¯} = {2, 3}. Suppose Uφ(y3) 6= {2, 3, 5}. Color x2x3, x3x4, x4x5
with α¯, 5, α, α¯, respectively. Now color x1x2 from {1, 5} with respect to α¯ and Uφ(y2). Let
β denote the color used on x1x2, and color x0x1 from {1, α, 5} \ {β} with respect to β and
Uφ(y1). This yields a good coloring of G.
So Uφ(y3) = {2, 3, 5}. Suppose Uφ(y2) 6= {1, α, 4}. Color x1x2, x2x3, x3x4, x4x5, x5x0 with
α, 1, 5, α¯, α, respectively. We then color x0x1 from {α¯, 5} with respect to α and Uφ(y1).
This yields a good coloring of G.
So Uφ(y2) = {1, α, 4}. We then color the cycle in order with α, 1, 5, 4, α, α¯. This is a
good coloring of G.
This exhausts all cases and proves the lemma. 
Lemma 15. Every vertex of a 7-face in G is a 3-vertex.
Proof. Recall that G is assumed to be embedded into the plane. Suppose on the contrary
that G has a 7-face with boundary x0x1x2 . . . x6 with x0 being a 2-vertex. By Lemma 12,
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each xi other than x0 has a third neighbor yi /∈ {xi−1, xi+1} where i is taken modulo 7.
Similarly to Case 2 of Lemma 14, Lemmas 7, 10, 9, 13 and 14, imply that the yi’s are not
on the 7-face, are distinct and the only possible adjacencies other than those on this face or
xiyi, i ∈ {1, 2, 3, 4, 5, 6}, are y1y4, y2y5, y3y6. In particular, y2y6, y1y5 /∈ E(G) by Lemma 14.
Let G′ be obtained from G by removing x0, x1, . . . , x6 and adding the edges y1y2, y3y4, y5y6.
Observe that G′ is a subcubic planar multigraph with multiplicity at most two, and so by
the minimality of G, it has a good coloring. We impose this coloring onto G by coloring x1y1
and x2y2 with the color used on y1y2, coloring x3y3 and x4y4 with the color used on y3y4,
and coloring x5y5 and x6y6 with the color used on y5y6. Without loss of generality assume
φ(x1y1) = φ(x2y2) = 1.
Case 1. (φ(x3y3), φ(x5y5)) = (1, 1).
We proceed in each of the following cases attempting to color our cycle in some order. Color
x1x2 with α12 /∈ Uφ(y1). We then color x2x3 with α23 /∈ (Uφ(y2) ∪ {α12}). For i ∈ {3, 4, 5, 6}
taken modulo 7, we color xixi+1 from {1, 2, 3, 4, 5} \ {1, α(i−2)(i−1), α(i−1)i} with respect to
α(i−1)i and Uφ(yi), and let αi(i+1) denote the color used on xixi+1.
Thus, it only remains to color x0x1. Since α12 /∈ Uφ(y1), it suffices to color x0x1 with a
color not in {α60, α12, α23, 1}. This yields a good coloring of G.
Case 2. (φ(x3y3), φ(x5y5)) = (1, 2).
In this case, we begin by coloring x5x6 with α56 /∈ (Uφ(y6)∪{1}). We then color x4x5 from
{1, 2, 3, 4, 5} \ {1, 2, α56} with respect to α56 and Uφ(y5). Let α45 denote the color used on
x4x5. We now color x2x3, x1x2, x0x1, x6x0 in this order, in a manner similar to the previous
case. This yields a good coloring of G.
Case 3. (φ(x3y3), φ(x5y5)) = (2, β).
Up to relabeling, we may assume that β ∈ {1, 3}. In this case, we begin by coloring
x1x2 with α12 /∈ (Uφ(y1) ∪ {2}). We then color x2x3 from {1, 2, 3, 4, 5} \ {1, 2, α12} with
respect to α12 and Uφ(y2). Let α23 denote the color used on x2x3, and color x3x4 from
{1, 2, 3, 4, 5} \ {2, α23, β} with respect to α23 and Uφ(y3). This results in a good partial
coloring of G. Call it σ.
Suppose that we can continue our good partial coloring of G by coloring x4x5 with some
α45. We now color x5x6 from {1, 2, 3, 4, 5} \ {2, α45, β} with respect to α45 and Uσ(y5). Let
α56 denote the color used on x5x6. We then color x6x0 from {1, 2, 3, 4, 5} \ {α45, α56, β} with
respect to α56 and Uσ(y6). We end by coloring x0x1 with a color not in {1, α12, α23, α60}.
This yields a good coloring of G.
So we assume that we cannot extend σ when attempting to color x4x5. As a result,
α34 ∈ Uσ(y4), otherwise we could color x4x5 with a color not in {2, β, α23, α34}. Similarly, if
|Uσ(y4) ∪ {α23, β}| ≤ 4, we can color x4x5 with a color not in Uσ(y4) ∪ {α23, β}. Thus, y4 is
a 3-vertex with Uσ(y4) = {2, α34, γ}, where γ is such that {1, 2, 3, 4, 5} = {2, β, γ, α23, α34}.
We now uncolor x3x4 and relabel our colors so that {α34, γ} = {γ1, γ2}. So {2, β, γ1, γ2, α23} =
{1, 2, 3, 4, 5}. Suppose Uφ(y3) 6= {2, β, α23}. We then color x3x4 with β, x5x6 with a color
α56 /∈ Uφ(y5) ∪ {2}, and x4x5 with a color α45 ∈ {γ1, γ2} \ {α56}. This yields a good partial
coloring of G that we can extend to x6x0 and x0x1 as in the previous cases.
So Uφ(y3) = {2, β, α23}, and in particular, β ∈ Uφ(y3). Now, if we attempt to color our
cycle starting from x5x6 instead of x1x2, a symmetric argument implies that 1 ∈ Uφ(y4).
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That is, 1 ∈ {γ1, γ2}. Since {2, β, α23, γ1, γ2} = {1, 2, 3, 4, 5} and β ∈ {1, 3}, this implies
that β = 3. Without loss of generality, we may assume γ1 = 1, γ2 = 4, α23 = 5. This implies
that α12 ∈ {3, 4}.
Suppose Uφ(y2) 6= {1, 3, 4}. We still assume that x1x2 is colored with α12 /∈ (Uφ(y1)∪{2}).
However, we recolor x2x3 with the color from {3, 4} \ {α12}. We then color x3x4 and x4x5
with 1 and 5, respectively. This is a good partial coloring of G from which we can color
x5x6, x6x0, x0x1 as in the previous cases.
So Uφ(y2) = {1, 3, 4}, and by symmetry Uφ(y5) = {1, 3, 5}. Color x1x2, x2x3, x3x4, x4x5, x5x6
with 5, 4, 1, 5, 2, respectively. We then color x0x1 from {2, 3} with respect to 5 and Uφ(y1),
and color x6x0 from {1, 4} with respect to 2 and Uφ(y6). This yields a good coloring of G. 
5. Adjacent Faces
By the lemmas in Section 3, every face in G is a 5+-face. In this section we show that if
a face has length five, then it can only be adjacent to 7+-faces. The proofs of these lemmas
are simply detailed case analysis. Thus, for the sake of readibility, we omit these details,
which can be found in the Appendix.
y2 y2
y3
y5
y6
y7
y1 y3y1
y5
y6
y7
x2
x3
x4x0
x1
x7
x6
x5
u
v
Figure 5.1. Forming G′ from G
Lemma 16. No two 5-faces in G share an edge.
Proof. Suppose the contrary. By Lemma 13, the boundaries of the two faces form an 8-cycle,
x0x1 . . . x7 with x4x0 ∈ E(G). By Lemmas 7, 9, 10, and 13, each xi other than x4, x0 has
a third neighbor yi not on the 8-cycle that are distinct from each other, except possibly
y2 = y6. Additionally, the only possible adjacencies between the yi’s are yiyj for i ∈ {1, 2, 3}
and j ∈ {5, 6, 7}.
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Let G′ denote the graph obtained from G by removing x0, . . . , x7, adding two new vertices
u, v and the edges uy1, uy2, uy3, vy5, vy6, vy7 (see Figure 5.1). Observe that G
′ is a subcubic
planar multigraph with multiplicity at most two, and so by the minimality of G, G′ has a
good coloring. We impose this coloring onto G by coloring xiyi with the same color as uyi
for i ∈ {1, 2, 3} and xjyj with the same color as vyj, for j ∈ {5, 6, 7}. Let ψ denote this good
partial coloring of G.
By the construction of G′, |{ψ(xiyi) : i ∈ {1, 2, 3}}| = |{ψ(xiyi) : i ∈ {5, 6, 7}}| = 3. So
we can further extend our good partial coloring by coloring x5x6 and x6x7 with ψ(x7y7) and
ψ(x5y5), respectively. By Lemma 3, we can color x7x0 and x4x5 as well. Call this extended,
good partial coloring of G, φ. Thus, in remains to color the edges of the 5-cycle x0x1x2x3x4.
Without loss of generality, we may assume that φ(x1y1) = 1 and φ(x3y3) = 2, and let
α := φ(x7x0) and β := φ(x4x5). By the construction of G
′, {1, 2, φ(x2y2)} /∈ {Uφ(yi) : i ∈
{1, 2, 3}}. Note that under φ, Uφ(x5) \ {β} = Uφ(x7) \ {α} = {φ(x5y5), φ(x7y7)}. Up to
relabeling colors, we may assume that {φ(x5y5), φ(x7y7)} ∈ {{1, 2}, {1, 3}, {4, 5}}.
In almost every situation, we can extend φ to a good coloring of G by case analysis, the
details of which can be found in the Appendix. Thus, we will only consider the situations in
which we cannot extend φ to a good coloring of G.
When {φ(x5y5), φ(x7y7)} = {1, 2}, we can always extend φ to a good coloring of G.
When {φ(x5y5), φ(x7y7)} = {1, 3}, we can always extend φ unless φ(x2y2) = 3, {α, β} =
{4, 5}, Uφ(y1) = {1, 4, 5}, Uφ(y2) = {3, 4, 5}, and Uφ(y3) = {1, 2, α}.
In this situation, we will reconsider the good partial coloring of G ψ. By the construction
of G′, φ(x6y6) ∈ {2, 4, 5}. Without loss of generality, assume α = φ(x7x0) = 4 and β =
φ(x4x5) = 5. Thus, φ(x6y6) = 2. If Uφ(y5) 6= {1, 3, 4}, we could recolor x4x5 with 4.
However, when α = β, we can extend φ to a good coloring of G. So Uφ(y3) = {1, 3, 4}, and
similarly, Uφ(y7) = {1, 3, 5}.
We now proceed by reconsidering the good partial coloring of G ψ. Recall that under ψ
the edges of the cycle x0x1 . . . x7 along with the edge x4x0 are the remaining uncolored edges.
Thus, when we ‘color the cycle in order’ we color the edges x0x1, x1x2, . . . , x6x7, x7x0 in this
order.
Suppose Uψ(y6) 6= {2, 3, 5}. If (ψ(x5y5), ψ(x7y7)) = (1, 3), color x4x0 with 1 and color the
cycle in order with 3, 2, 5, 4, 5, 3, 5, 4. If (ψ(x5y5), ψ(x7y7)) = (3, 1), color x4x0 with 2 and
color the cycle in order with 3, 2, 5, 4, 1, 5, 3, 4. In either case, this is a good coloring of G.
So Uψ(y6) = {2, 3, 5}. If (ψ(x5y5), ψ(x7y7)) = (1, 3), color x4x0 with 1 and color the cycle
in order with 2, 5, 1, 3, 5, 4, 1, 4. If (ψ(x5y5), ψ(x7y7)) = (3, 1), color x4x0 with 4 and color
the cycle in order with 2, 5, 1, 3, 5, 1, 4, 3. In either case, this is a good coloring of G. This
proves the case when {φ(x5y5), φ(x7y7)} = {1, 3}.
When {φ(x5y5), φ(x7y7)} = {4, 5}, we can always extend φ to a good coloring of G,
unless up to relableing colors and symmetry, one of two situations occurs. The first is when
φ(x2y2) = 3, (α, β) = (1, 3), Uφ(y1) = {1, 4, 5}, and Uφ(y2) = {3, 4, 5}. The second is when
φ(x2y2) = 5, (α, β) = (1, 3), Uφ(y1) = {1, 3, 4}, and Uφ(y2) = {3, 4, 5}. In both cases, we
reconsider ψ as above.
In a manner similar to the above, we deduce that Uφ(y5) = {1, 4, 5}, Uφ(y7) = {3, 4, 5},
and φ(x6y6) = 2. We now recolor the edges of the cycle x0x1 . . . x7 and the edge x4x0.
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If (ψ(x5y5), ψ(x7y7)) = (5, 4), suppose Uψ(y6) 6= {2, 3, 5}. Then color x0x1, x1x2, x3x4, x4x5,
x5x6, x6x7, x7x0, x4x0 with 5, 2, 1, 4, 3, 5, 1, 3, respectively, and color x2x3 from {4, 5} with
respect to 1 and Uφ(y3). This yields a good coloring of G.
So Uφ(y6) = {2, 3, 5}. We then color x0x1, x1x2, x3x4, x4x5, x5x6, x6x7, x7x0, x4x0 with 4,
2, 1, 3, 4, 1, 5, 2, respectively, and color x2x3 from {4, 5} with respect to 1 and Uφ(y3). This
yields a good coloring of G.
A similar argument holds for (ψ(x5y5), ψ(x7y7)) = (4, 5) when considering whether or not
Uφ(y6) is {2, 3, 4} by switching the roles of 4 and 5. This proves the first subcase.
In the second subcase, we again reconsider the good partial coloring of G ψ. As above,
we deduce that Uφ(y5) = {1, 4, 5},Uφ(y7) = {3, 4, 5}, and φ(x6y6) = 2. We now recolor the
edges of the cycle x0x1 . . . x7 and the edge x4x0.
If (ψ(x5y5), ψ(x7y7)) = (5, 4), suppose Uψ(y6) 6= {1, 2, 4}. Then color x0x1, x1x2, x3x4,
x4x5, x5x6, x6x7, x7x0, x4x0 with 3, 2, 4, 3, 4, 1, 5, 1, respectively, and color x2x3 from {1, 3}
with respect to 4 and Uφ(y3). This yields a good coloring of G.
So Uφ(y6) = {1, 2, 4}. We then color x0x1, x1x2, x3x4, x4x5, x5x6, x6x7, x7x0, x4x0 with 5,
2, 1, 4, 3, 5, 1, 3, respectively, and color x2x3 from {3, 4} with respect to 1 and Uφ(y3). This
yields a good coloring of G.
If (ψ(x5y5), ψ(x7y7)) = (4, 5), suppose Uφ(y6) 6= {1, 2, 5}. Then color x0x1, x1x2, x3x4,
x4x5, x5x6, x6x7, x7x0, x4x0 with 3, 2, 4, 3, 5, 1, 5, 4, 1, respectively, and color x2x3 from
{1, 3} with respect to 4 and Uφ(y3). This yields a good coloring of G.
So Uφ(y6) = {1, 2, 5}. We then color x0x1, x1x2, x3x4, x4x5, x5x6, x6x7, x7x0, x4x0 with 4,
2, 1, 5, 3, 4, 1, 3, respectively, and color x2x3 from {3, 4} with respect to 1 and Uφ(y3). This
yields a good coloring of G.
Thus, in each of the three cases, we obtain a good coloring of G. This proves the lemma.

Lemma 17. No 5-face in G can share an edge with a 6-face.
Proof. Suppose that a 5-face and a 6-face share an edge. By Lemmas 7 and 13, their
boundaries form a 9-cycle, x0x1 . . . x8 so that x5x0 ∈ E(G) . By Lemmas 13 and 14, each xi
is a 3-vertex. Additionally, Lemmas 7, 9 and 10 imply that each xi other than x5, x0 has a
third neighbor yi not on the 9-cycle. By these same lemmas, the yi’s are distinct from one
another except possibly y7 ∈ {y2, y3}, and furthermore y1y2, y3y4 /∈ E(G).
Let G′ denote the graph obtained from G by deleting x0, x1, . . . , x8, adding a vertex x,
and adding the edges y1y2, y3y4, xy6, xy7, xy8 (see Figure 5.2). Observe that G
′ is a subcubic
planar multigraph with mutliplicity at most two, and so by the minimality of G, G′ has a
good coloring. We impose this coloring onto G by coloring x1y1 and x2y2 with the color used
on y1y2, coloring x3y3 and x4y4 with the color used on y3y4, and for i ∈ {6, 7, 8}, coloring
xiyi with the color used on xyi. Let ψ denote this good partial coloring of G.
By the construction of G′, |
psi(xiyi) : i ∈ {6, 7, 8}| = 3. So we can further extend our good partial coloring by coloring
x6x7 and x7x8 with ψ(x8y8) and ψ(x6y6), respectively. By Lemma 3, we can further extend
this by coloring x8x0 and x5x6. Let φ denote this good partial coloring of G. Thus, it only
remains to color the edges of the 6-cycle, x0x1x2x3x4x5.
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Figure 5.2. Forming G′ from G
Without loss of generality, suppose φ(x1y1) = φ(x2y2) = 1, and let α := φ(x8x0) and
β := φ(x5x6). Up to relabeling colors and symmetry, we may assume that φ(x3y3) =
φ(x4y4) ∈ {1, 2}. Note that Uφ(x8) \ {α} = Uφ(x6) \ {β} = {φ(x6y6), φ(x8y8)}.
Unlike in the proof of Lemma 16, we can always extend φ to a good coloring of G by case
analysis, the details of which can be found in the Appendix. Thus we assume the lemma
holds. 
6. Proof of Theorem 1
We are now ready to prove Theorem 1 via discharging using the lemmas from Sections 3,
4 and 5,
Proof. By Euler’s formula,
∑
v∈V (G)
(2d(v)− 6) +
∑
f∈F (G)
(d(f)− 6) = −12.
Thus, if we assign to each vertex v the initial charge 2d(v)−6 and to each face f the initial
charge d(f) − 6, then the overall charge will be −12. We now redistribute charges among
faces and vertices so that the final charge of every face and every vertex is nonnegative, a
contradiction.
Discharging Rules:
(R1) Every 2-vertex receives 1 from each incident face.
(R2) Every 5-face receives 1
5
from each adjacent face.
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By Rule (R1), at the end of discharging, each 2-vertex will have charge −2 + 1 + 1 = 0.
The charge of each 3-vertex does not change and remains 0.
By Rule (R2) and Lemmas 13 and 16, the final charge of every 5-face is 5− 6+5× 1
5
= 0.
By Lemmas 14 and 17, each 6-face gives no charge. Thus, as it starts with zero charge
and does not receives any charge, the final charge is zero.
By Lemmas 15 and 16, each 7-face contains only 3-vertices and is adjacent to at most
three 5-faces. Thus, the final charge is at least 7− 6− 3× 1
5
= 2
5
.
By Lemmas 16 and 12, each k-face, k ≥ 8, is adjacent to at most ⌊k
2
⌋ 5-faces and contains at
most ⌊k
5
⌋ 2-vertices on its boundary. Thus, the final charge is at least k−6−
⌊
k
5
⌋
×1−
⌊
k
2
⌋
× 1
5
,
which is positive for k ≥ 8.
This completes the proof. 
Future Questions. Many analogous questions asked concerning the strong chromatic index
of graphs can be asked regarding the k-intersection chromatic index as well (see [2]). As it
pertains to the 2-intersection chromatic index of subcubic graphs, if a subcubic graph G has
the property that every 3-vertex is adjacent to only 2-vertices, then χ′2-int(G) = χ(G). So we
may assume that G has two adjacent 3-vertices. This implies that χ′2-int(G) ≥ 4. This begs
the following question: what type of graph must G be to force χ′2-int(G) = 4?
Acknowledgment. The author wishes to thank Alexandr V. Kostochka and Thomas Ma-
honey for their helpful discussions.
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Appendix
In this section we provide the detailed proofs of Lemmas 16 and 17.
Proof of Lemma 16. We assume ψ and φ to be as described in the proof of Lemma 16 in
Section 5. Thus, in order to extend φ, it remains to color the edges of the cycle x0x1x2x3x4.
As a result, when we ‘color the cycle in order’ we color the edges x0x1, x1x2, x2x3, x3x4, x4x0
in this order.
We will break the following argument into cases depending on Uφ(x7) \ {α}, and within
each case we consider the values of α and β. While each argument is relatively short, we
will oftentimes state and prove claims to aid in the readability.
Case 1. Uφ(x7) \ {α} = {1, 2}.
In this case we may assume without loss of generality that φ(x2y2) = 3.
Subcase 1.1. α = β = 3.
Claim. Uφ(y3) = {1, 2, 5}.
Proof. Suppose Uφ(y3) 6= {1, 2, 5}. Also suppose Uφ(y1) 6= {1, 2, 4}. Color x2x3, x3x4, x4x0
with 5, 1, 5, respectively. Then color x1x2 (and x0x1) from {2, 4} with respect to 5 and
Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 2, 4}. Suppose Uφ(y3) 6= {1, 2, 4}. Color x2x3, x3x4, x4x0 with 4, 1, 4,
respectively. Then color x1x2 (and x0x1) from {2, 5} with respect to 4 and Uφ(y2). This
yields a good coloring of G.
So Uφ(y3) = {1, 2, 4}. Color x0x1, x1x2, x3x4, x4x0 with 2, 5, 5, 4, respectively, and then
color x2x3 from {1, 4} with respect to 5 and Uφ(y2). This yields a good coloring of G. 
A similar argument shows that Uφ(y3) = {1, 2, 4} by switching the roles of 4 and 5. This
contradicts the above claim and proves the subcase.
Subcase 1.2. α = β = 4.
Suppose Uφ(y3) 6= {1, 2, 5}. Also suppose Uφ(y2) 6= {3, 4, 5}. Color x1x2, x2x3, x3x4, x4x0
with 4, 5, 1, 5, respectively, and color x0x1 from {2, 3} with respect to 4 and Uφ(y1). This
yields a good coloring of G. So Uφ(y2) = {3, 4, 5}. Color x0x1, x2x3, x3x4, x4x0 with 2, 1, 5,
3, respectively, and color x1x2 from {4, 5} with respect to 2 and Uφ(y1). This yields a good
coloring of G.
So Uφ(y3) = {1, 2, 5}, and by a symmetric argument Uφ(y1) = {1, 2, 5}. We now color
x0x1, x2x3, x3x4, x4x0 with 3, 4, 1, 5, respectively, and color x1x2 from {2, 5} with respect to
4 and Uφ(y2). This yields a good coloring of G.
Subcase 1.3. (α, β) = (3, 4).
Suppose Uφ(y3) 6= {1, 2, 5}. Color x1x2, x2x3, x3x4, x4x0 with 2, 1, 5, 1, respectively, and
colorx0x1 from {4, 5} with respect to 2 and Uφ(y1). This yields a good coloring of G.
So Uφ(y3) = {1, 2, 5}. Suppose Uφ(y2) 6= {3, 4, 5}. Color x1x2, x2x3, x3x4, x4x0 with 5, 4, 1,
5, respectively, and color x0x1 from {2, 4} with respect to 5 and Uφ(y1). This yields a good
coloring of G.
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So Uφ(y2) = {3, 4, 5}. We then color x1x2, x2x3, x3x4, x4x0 with 2, 4, 5, 1, respectively,
and color x0x1 from {4, 5} with respect to 2 and Uφ(y1). This yields a good coloring of G
and proves the subcase.
Subcase 1.4. (α, β) = (4, 5).
Claim. Uφ(y3) = {1, 2, 4}, and by symmetry Uφ(y1) = {1, 2, 5}.
Proof. Suppose Uφ(y3) 6= {1, 2, 4}. Also suppose that Uφ(y1) 6= {1, 2, 5}. Color x2x3, x3x4, x4x0
with 4, 1, 3, respectively, and color x1x2 (and x0x1) from {2, 5} with respect to 4 and Uφ(y2).
This yields a good coloring of G.
So Uφ(y1) = {1, 2, 5}. Now Uφ(y2) = {1, 3, 4}, otherwise color the cycle in order with 2,
4, 1, 4, 3. This is a good coloring of G. We then color x0x1, x1x2, x2x3, x4x0 with 2, 4, 5,
3, respectively, and color x3x4 from {1, 4} with respect to 5 and Uφ(y3). This yields a good
coloring of G and proves the claim. 
Now Uφ(y2) = {3, 4, 5}, otherwise color the cycle in order with 3, 5, 4, 3, 1. We then color
the cycle in order with 5, 4, 1, 3, 2. This is a good coloring of G and proves the subcase.
Up to relabeling the colors and symmetry, this completes all subcases and proves Case 1
Case 2. Uφ(x7) \ {α} = {1, 3}.
In this case, α, β ∈ {2, 4, 5}. By the construction of G′, φ(x2y2) ∈ {3, 4, 5}. Up to
relabeling, we may assume that either φ(x2y2) = 3 or φ(x2y2) = 5.
Subcase 2.1. φ(x2y2) = 5.
Subcase 2.1.1. α = β.
Let α¯ ∈ {4, 5} \ {α}.
Suppose Uφ(y3) 6= {1, 2, 3}. Also suppose Uφ(y1) 6= {1, 2, 4}. If α = 2, color the cycle in
order with 4, 2, 1, 3, 5. If α ∈ {4, 5}, color x0x1, x1x2, x4x0 with 2, 4, α¯, respectively. We
then color x2x3 (and x3x4) from {1, 3} with respect to 4 and Uφ(y2). This yields a good
coloring of G. So Uφ(y1) = {1, 2, 4}. Color x0x1, x2x3, x3x4, x4x0 with 3, 3, 1, α¯, respectively,
and color x1x2 from {2, 4} with respect to 3 and Uφ(y2). This yields a good coloring of G.
So Uφ(y3) = {1, 2, 3}. Suppose Uφ(y1) 6= {1, 2, 3}. If α = 2, color the cycle in order with
3, 2, 1, 4, 5. If α ∈ {4, 5}, color x2x3, x3x4, x4x0 with 4, 1, α¯, respectively. We then color
x1x2 (and x0x1) from {2, 3} with respect to 4 and Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 2, 3}. We now color x0x1 and x1x2 with 3 and 4, respectively. If α = 2,
we color x4x5 and x5x0 with 5 and 4, respectively. Otherwise, we color x4x5 and x5x0 with
α¯ and 2, respectively. In both cases we color x2x3 from {1, 3} with respect to 4 and Uφ(y2).
This yields a good coloring of G and proves the subcase.
Since α 6= β, there exists γ such that {α, β, γ} = {2, 4, 5}. We now show that in the
remaining subcases, we may assume that Uφ(y3) = {1, 2, 3}. If Uφ(y3) 6= {1, 2, 3}, color x0x1
and x4x0 with 3 and γ, respectively. Then color x1x2 from {2, 4} with respect to 3 and
Uφ(y1). Let δ denote the color used on x1x2. We then color x2x3 (and x3x4) from {1, 3} with
respect to δ and Uφ(y2). This yields a good coloring of G. So Uφ(y3) = {1, 2, 3}, as desired.
Subcase 2.1.2. α 6= 2.
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Suppose Uφ(y1) 6= {1, 3, 4}. Color x0x1, x1x2, x3x4, x4x0 with 3, 4, α, γ, respectively, and
color x2x3 from {1, 3} with respect to 4 and Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 3, 4}. If α = 4, color the cycle in order with 3, 2, 1, α, γ. This is a good
coloring of G. So α = 5 and {β, γ} = {2, 4}. If β = 2, color the cycle in order with 4, 2, 1,
4, 3. This is a good coloring of G.
Thus, α = 5 and β = 4. Color x0x1, x1x2, x3x4, x4x0 with 2, 4, 5, 1, respectively, and color
x2x3 from {1, 3} with respect to 4 and Uφ(y2). This yields a good coloring of G.
Subcase 2.1.3. α = 2.
Here β ∈ {4, 5}. Suppose first that β = 4. Also suppose Uφ(y1) 6= {1, 3, 4}. Color
x0x1, x1x2, x3x4, x4x0 with 4, 3, 5, 3, respectively, and color x2x3 from {1, 4} with respect to
3 and Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 3, 4}. Uφ(y2) = {2, 4, 5}, otherwise color the cycle in order with 4, 2, 4, 3,
5. We then color the cycle in order with 5, 3, 4, 5, 1. This is a good coloring of G.
So β = 5. Now Uφ(y1) = {1, 2, 4}, otherwise we color the cycle in order with 4, 2, 1, 4, 3.
We then color x0x1, x2x3, x3x4, x4x0 with 5, 4, 3, 4, respectively, and color x1x2 from {2, 3}
with respect to 4 and Uφ(y2). This yields a good coloring of G.
This completes the proof of Subcase 2.1
Subcase 2.2. φ(x2y2) = 3.
Subcase 2.2.1. α = β = 2.
Suppose Uφ(y3) 6= {1, 2, 4}. Color x2x3, x3x4, x4x0 with 4, 1, 5, respectively. We then color
x1x2 from {2, 5} with respect to 4 and Uφ(y2). Let γ denote the color used on x1x2, and
color x0x1 from {3, 4} with respect to γ and Uφ(y1). This yields a good coloring of G.
So Uφ(y3) = {1, 2, 4}. Suppose Uφ(y1) 6= {1, 4, 5}. Color x0x1, x1x2, x3x4, x4x0 with 4, 5, 3,
5, respectively, and color x2x3 from {1, 4} with respect to 5 and Uφ(y2). This yields a good
coloring of G.
So Uφ(y1) = {1, 4, 5}. We then color the cycle in order with 4, 2, 1, 5, 3. This is a good
coloring of G.
Subcase 2.2.2. α = β ∈ {4, 5}.
Let α¯ such that {α, α¯} = {4, 5}. Suppose Uφ(y3) 6= {1, 2, α¯}. Color x2x3, x3x4, x4x0 with
α¯, 1, 2, respectively. Color x1x2 from {2, α} with respect to α¯ and Uφ(y2). Let γ denote the
color used on x1x2, and color x0x1 from {3, α¯} with respect to γ and Uφ(y1). This yields a
good coloring of G.
So Uφ(y3) = {1, 2, 5}. Suppose Uφ(y1) 6= {1, 4, 5}. Now color x0x1, x1x2, x3x4, x4x0 with α¯,
α, 3, 2, respectively, and color x2x3 from {1, α¯} with respect to α and Uφ(y2). This yields a
good coloring of G.
So Uφ(y1) = {1, 4, 5}. Now Uφ(y2) = {3, 4, 5}, otherwise color the cycle in order with 2, 5,
4, 5, 3. We then color the cycle in order with 2, 4, 1, 3, 5. This is a good coloring of G.
Subcase 2.2.3. (α, β) = (2, 4).
Suppose Uφ(y3) 6= {1, 2, 4}. Color x2x3, x3x4, x4x0 with 4, 1, 5, respectively. Now color
x1x2 from {2, 5} with respect to 4 and Uφ(y2). Let γ denote the color used on x1x2, and
color x0x1 from {3, 4} with respect to γ and Uφ(y1). This yields a good coloring of G.
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So Uφ(y3) = {1, 2, 4}. Suppose Uφ(y1) 6= {1, 4, 5}. Color x0x1, x1x2, x3x4, x4x0 with 4, 5,
5, 3, respectively, and x2x3 from {1, 4} with respect to 5 and Uφ(y2). This yields a good
coloring of G.
So Uφ(y1) = {1, 4, 5}. We then color the cycle in order with 5, 2, 1, 5, 3. This is a good
coloring of G.
Subcase 2.2.4. (α, β) = (4, 2).
Suppose Uφ(y3) 6= {1, 2, 5}. Now Uφ(y1) = {1, 2, 5}, otherwise color the cycle in order
wth 5, 2, 1, 5, 3. Uφ(y2) = {1, 3, 4}, otherwise color the cycle in order with 2, 4, 1, 5, 3.
Uφ(y3) = {1, 2, 4}, otherwise color the cycle in order with 3, 2, 4, 1, 5. We then color the
cycle in order with 5, 4, 5, 4, 3. These are good colorings of G.
So Uφ(y3) = {1, 2, 5}. Suppose Uφ(y2) 6= {3, 4, 5}. Color x1x2, x2x3, x3x4, x4x0 with 5, 4, 1,
5, respectively, and color x0x1 from {2, 3} with respect to 5 and Uφ(y1). This yields a good
coloring of G.
So Uφ(y2) = {3, 4, 5}. By the construction of G, Uφ(y1) 6= {1, 2, 3}. So we color the cycle
in order with 3, 2, 4, 1, 5. This is a good coloring of G.
Subcase 2.2.5. (α, β) = (4, 5).
Claim. Uφ(y1) = {1, 4, 5}, Uφ(y2) = {3, 4, 5}, and Uφ(y3) = {1, 2, 4}.
Proof. Suppose first that Uφ(y3) 6= {1, 2, 4}. Uφ(y2) = {2, 3, 4}, otherwise color x1x2, x2x3,
x3x4, x4x0 with 2, 4, 1, 2, respectively, and color x0x1 from {3, 5} with respect to 2 and
Uφ(y1). This yields a good coloring of G. Now Uφ(y1) = {1, 3, 5}, otherwise color the cycle
in order with 3, 5, 4, 1, 2. We then color the cycle in order with 2, 5, 1, 4, 3. This is a good
coloring of G.
Thus, Uφ(y3) = {1, 2, 4}. Now suppose Uφ(y2) 6= {3, 4, 5}. Then Uφ(y1) = {1, 2, 4},
otherwise color the cycle in order with 2, 4, 5, 4, 3. We then color the cycle in order with 3,
5, 4, 3, 2. This is a good coloring of G.
Thus, Uφ(y2) = {3, 4, 5}. Then Uφ(y1) = {1, 4, 5}, otherwise color 5, 4, 1, 3, 2. This is a
good coloring of G and proves the claim. 
To complete this subcase, we will reconsider the good partial coloring of G ψ. Recall
that {φ(x5y5), φ(x7y7)} = {1, 3}. So by the construction of G
′, φ(x6y6) ∈ {2, 4, 5}. Since
α = φ(x7x0) = 4 and β = φ(x4x5) = 5, φ(x6y6) = 2. If Uφ(y5) 6= {1, 3, 4}, we could recolor
x4x5 with 4 and proceed as in Subcase 2.2.2. Similarly, Uφ(y7) = {1, 3, 5}.
Recall that under ψ the edges of the cycle x0x1 . . . x7 along with the edge x4x0 are the
remaining uncolored edges. Thus, when we ‘color the cycle in order’ we color the edges
x0x1, x1x2, . . . , x6x7, x7x0 in this order.
Suppose Uψ(y6) 6= {2, 3, 5}. If (ψ(x5y5), ψ(x7y7)) = (1, 3), color x4x0 with 1 and color the
cycle in order with 3, 2, 5, 4, 5, 3, 5, 4. If (ψ(x5y5), ψ(x7y7)) = (3, 1), color x4x0 with 2 and
color the cycle in order with 3, 2, 5, 4, 1, 5, 3, 4. In either case, this is a good coloring of G.
So Uψ(y6) = {2, 3, 5}. If (ψ(x5y5), ψ(x7y7)) = (1, 3), color x4x0 with 1 and color the cycle
in order with 2, 5, 1, 3, 5, 4, 1, 4. If (ψ(x5y5), ψ(x7y7)) = (3, 1), color x4x0 with 4 and color
the cycle in order with 2, 5, 1, 3, 5, 1, 4, 3. In either case, this is a good coloring of G.
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Up to relabeling the colors and symmetry, this completes the proof of Subcase 2.2, and so
completes the proof of Case 2.
Case 3. Uφ(x7) \ {α} = {4, 5}.
In this case, α, β ∈ {1, 2, 3}. By the construction of G, φ(x2y2) ∈ {3, 4, 5}. Up to
relabeling, we may assume that φ(x2y2) ∈ {3, 5}.
Subcase 3.1. φ(x2y2) = 3.
Subcase 3.1.1. α = β.
Claim. Uφ(y3) = {2, 4, 5}.
Proof. Let {α1, α2, α3} = {1, 2, 3} so that without loss of generaltiy, α = α1. Suppose
Uφ(y3) 6= {2, 4, 5}. Also suppose Uφ(y2) 6= {3, 4, 5}. Color x0x1 from {alpha2, α3} \ {1}.
Without loss of generaltiy, assume x0x1 is colored with α2. We then color x4x0 with α3.
Color x1x2, x3x4 (and x2x3) from {4, 5} with respect to α2 and Uφ(y1). This yields a good
coloring of G.
So Uφ(y2) = {3, 4, 5}. Color x1x2 with 2. If α1 = 3, color x4x0 with α2. Otherwise, color
x4x0 with 3. We then color x0x1, x2x3 (and x3x4) from {4, 5} with respect to 2 and Uφ(y1).
This yields a good coloring of G and proves the claim. 
We now color x1x2 and x2x3 with 2 and 1, respectively. If α1 = 3, color x4x0 with α2,
and color x0x1 (and x3x4) from {4, 5} with respect to 2 and Uφ(y1). Otherwise, color x4x0
with 3, and color x0x1 (and x3x4) from {4, 5} with respect to 2 and Uφ(y1). These are good
colorings of G.
Subcase 3.1.2. {α, β} = {1, 2}.
Color x1x2, x2x3, x4x0 with 2, 1, 3, respectively. We then color x0x1 from {4, 5} with
respect to 2 and Uφ(y1), and color x3x4 from {4, 5} with respect to 1 and Uφ(y1). This yields
a good coloring of G.
Subcase 3.1.3. (α, β) = (2, 3).
Claim. Uφ(y3) = {2, 4, 5}.
Proof. Suppose Uφ(y3) 6= {2, 4, 5}. Also suppose Uφ(y2) 6= {3, 4, 5}. Color x0x1 and x4x0
with 3 and 1, respectively. Now color x1x2, x3x4 (and x2x3) from {4, 5} with respect to 3
and Uφ(y1). This yields a good coloring of G.
So Uφ(y2) = {3, 4, 5}. Suppose Uφ(y1) 6= {1, 4, 5}. Color x0x1, x1x2, x2x3, x4x0 with 4, 5, 1,
1, respectively, and color x3x4 from {4, 5} with respect to 1 and Uφ(y3). This yields a good
coloring of G.
So Uφ(y1) = {1, 4, 5}. Color x0x1, x1x2, x3x4 with 3, 2, 1, respectively. We then color x2x3
(and x4x0) from {4, 5} with respect to 1 and Uφ(y3). This yields a good coloring of G and
proves the claim. 
Suppose Uφ(y1) 6= {1, 4, 5}. Color x2x3, x3x4, x4x0 with 1, 4, 1, respectively. We then color
x1x2 (and x0x1) from {4, 5} with respect to 1 and Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 4, 5}. Color x0x1, x1x2, x3x4, x4x0 with 3, 2, 1, 4, respectively, and color
x2x3 from {4, 5} with respect to 2 and Uφ(y2). This yields a good coloring of G.
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Subcase 3.1.4. (α, β) = (1, 3).
Claim. Uφ(y1) = {1, 4, 5} and Uφ(y2) = {3, 4, 5}.
Proof. Suppose first that Uφ(y1) 6= {1, 4, 5}. Also suppose Uφ(y2) 6= {3, 4, 5}. Color x3x4
and x4x0 with 1 and 2, respectively. We then color x2x3, x0x1 (and x1x2) from {4, 5} with
respect to 1 and Uφ(y3). This yields a good coloring of G.
So Uφ(y2) = {3, 4, 5}. Color x0x1, x1x2, x2x3, x4x0 with 4, 5, 1, 2, respectively, and x3x4
from {4, 5} with respect to 1 and Uφ(y3). This yields a good coloring of G.
Thus, Uφ(y1) = {1, 4, 5}. Now suppose Uφ(y2) 6= {3, 4, 5}. Then Uφ(y3) = {2, 4, 5}, other-
wise color the cycle in order with 3, 4, 5, 4, 2. We then color the cycle in order with 2, 4, 5,
1, 5. This is a good coloring of G and proves the claim. 
To complete this subcase, we will reconsider the good partial coloring of G ψ. In a manner
similar to that in Subcase 2.2.5, we deduce that Uφ(y5) = {1, 4, 5}, Uφ(y7) = {3, 4, 5}, and
φ(x6y6) = 2. We now recolor the edges of the cycle x0x1 . . . x7 and the edge x4x0.
If (ψ(x5y5), ψ(x7y7)) = (5, 4), suppose Uψ(y6) 6= {2, 3, 5}. Then color x0x1, x1x2, x3x4, x4x5,
x5x6, x6x7, x7x0, x4x0 with 5, 2, 1, 4, 3, 5, 1, 3, respectively, and color x2x3 from {4, 5} with
respect to 1 and Uφ(y3). This yields a good coloring of G.
So Uφ(y6) = {2, 3, 5}. We then color x0x1, x1x2, x3x4, x4x5, x5x6, x6x7, x7x0, x4x0 with 4,
2, 1, 3, 4, 1, 5, 2, respectively, and color x2x3 from {4, 5} with respect to 1 and Uφ(y3). This
yields a good coloring of G.
A similar argument holds for (ψ(x5y5), ψ(x7y7)) = (4, 5) when considering whether or not
Uφ(y6) is {2, 3, 4} by switching the roles of 4 and 5.
Up to relabeling the colors and symmetry, this completes the proof of Subcase 3.1.
Subcase 3.2. φ(x2y2) = 5.
Subcase 3.2.1. α = β = 1.
Suppose Uφ(y3) 6= {2, 3, 4}. Also suppose Uφ(y2) 6= {3, 4, 5}. Color x0x1 and x4x0 with 5
and 2, respectively. We then color x1x2, x3x4 (and x2x3) from {3, 4} with respect to 5 and
Uφ(y1). This yields a good coloring of G. So Uφ(y2) = {3, 4, 5}. Now Uφ(y1) = {1, 2, 3},
otherwise color the cycle in order with 2, 3, 1, 3, 4. This is a good coloring of G. By the
construction of G′, Uφ(y3) 6= {1, 2, 5}. So we color the cycle in order with 2, 4, 1, 5, 3. This
is a good coloring of G.
So Uφ(y3) = {2, 3, 4}. We now color x0x1, x2x3, x3x4, x4x0 with 2, 1, 3, 5, respectively.
If 2 /∈ Uφ(y1), we color x1x2 from {3, 4} with respect to 1 and Uφ(y2). This yields a good
coloring of G.
So 2 ∈ Uφ(y1), and by a similar argument 1 ∈ Uφ(y2). We then color the cycle in order
with 3, 4, 3, 5, 2. This is a good coloring of G.
A symmetric argument holds when α = β = 2.
Subcase 3.2.2. α = β = 3.
Suppose Uφ(y3) 6= {1, 2, 4}. Color x2x3, x3x4, x4x0 with 4, 1, 2, respectively. We then color
x1x2 from {2, 3} with respect to 4 and Uφ(y2). Let γ denote the color used on x1x2, and
color x0x1 from {4, 5} with respect to γ and Uφ(y1). This yields a good coloring of G.
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So Uφ(y3) = {1, 2, 4}. Suppose Uφ(y1) 6= {1, 3, 4}. Color x0x1, x1x2, x3x4, x4x0 with 4, 3, 5,
2, respectively, and color x2x3 from {1, 4} with respect to 3 and Uφ(y2). This yields a good
coloring of G.
So Uφ(y1) = {1, 3, 4}. Now Uφ(y2) = {3, 4, 5}, otherwise color the cycle in order with 2, 4,
3, 1, 5. We then color the cycle in order with 5, 2, 3, 4, 1. This is a good coloring of G.
Subcase 3.2.3. (α, β) = (1, 2).
Claim. Uφ(y3) = {1, 2, 4}.
Proof. Suppose Uφ(y3) 6= {1, 2, 4}. Also suppose Uφ(y1) 6= {1, 2, 4}. Color x0x1, x1x2, x4x0
with 4, 2, 3, respectively. We then color x2x3 (and x3x4) from {1, 4} with respect to 2 and
Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 2, 4}. Then Uφ(y2) = {2, 4, 5}, otherwise color the cycle in order with 3,
2, 4, 1, 5. Uφ(y3) = {2, 3, 4}, otherwise color the cycle in order with 2, 3, 4, 3, 5. We then
color the cycle in order with 3, 2, 1, 3, 4. These are good colorings of G and prove the claim.

Suppose Uφ(y1) 6= {1, 2, 3}. Color x2x3, x3x4, x4x0 with 4, 3, 5, respectively. We then color
x1x2 (and x0x1 from {2, 3} with respect to 4 and Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 2, 3}. Color x0x1, x1x2, x4x0 with 3, 4, 5, respectively. We then color x2x3
(and x3x4) from {1, 3} with respect to 4 and Uφ(y2). This yields a good coloring of G.
Subcase 3.2.4. (α, β) = (2, 1).
Claim. Uφ(y3) = {2, 3, 4}.
Proof. Suppose Uφ(y3) 6= {2, 3, 4}. Also suppose Uφ(y2) 6= {2, 3, 5}. Color x1x2, x2x3, x3x4, x4x0
with 2, 3, 4, 3, respectively, and color x0x1 from {4, 5} with respect to 2 and Uφ(y1). This
yields a good coloring of G.
So Uφ(y2) = {2, 3, 5}. Also Uφ(y1) = {1, 4, 5}, otherwise color the cycle in order with 5, 4,
3, 4, 3. We then color the cycle in order with 3, 2, 4, 3, 4. These are good colorings of G
and prove the claim. 
Color x1x2, x2x3 with 2 and 1, respectively. Color x0x1 from {3, 4} with respect to 2 and
Uφ(y1). If x0x1 is colored with 3, color x3x4 and x4x0 with 3 and 5, respectively. If x0x1 is
colored with 4, color x3x4 and x4x0 with 4 and 3, respectively. In either case, this is a good
coloring of G.
Subcase 3.2.5. (α, β) = (3, 1).
Suppose Uφ(y3) 6= {2, 3, 4}. Color both x1x2 and x4x0 with 2. Now color x0x1 from {4, 5}
with respect to 2 and Uφ(y1). We then color x2x3 (and x3x4) from {3, 4} with respect to 2
and Uφ(y2). This yields a good coloring of G.
Color x0x1, x2x3, x3x4, x4x0 with 2, 1, 3, 4, respectively. If 2 /∈ Uφ(y1), color x1x2 from
{3, 4} with respect to 1 and Uφ(y2). This yields a good coloring of G.
So 2 ∈ Uφ(y1), and by a similar argument 1 ∈ Uφ(y2). We then color the cycle in order
with 4, 3, 4, 5, 2. This is a good coloring of G.
Subcase 3.2.6. (α, β) = (1, 3).
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Claim. Uφ(y1) = {1, 3, 4} and Uφ(y2) = {3, 4, 5}.
Proof. First suppose Uφ(y1) 6= {1, 3, 4}. Color x2x3 and x4x0 with 1 and 2, respectively. Now
color x3x4 from {4, 5} with respect to 1 and Uφ(y3). We then color x1x2 (and x0x1) from
{3, 4} with respect to 1 and Uφ(y2). This yields a good coloring of G.
So Uφ(y1) = {1, 3, 4}. Now suppose Uφ(y2) 6= {3, 4, 5}. Color x0x1, x1x2, x2x3, x4x0 with
5, 3, 4, 2, respectively, and x3x4 from {1, 5} with respect to 4 and Uφ(y3). This is a good
coloring of G and proves the claim. 
To complete this subcase, we will reconsider the good partial coloring of G ψ. In a manner
similar to that in Subcase 2.2.5, we deduce that Uφ(y5) = {1, 4, 5},Uφ(y7) = {3, 4, 5}, and
φ(x6y6) = 2. We now recolor the edges of the cycle x0x1 . . . x7 and the edge x4x0.
If (ψ(x5y5), ψ(x7y7)) = (5, 4), suppose Uψ(y6) 6= {1, 2, 4}. Then color x0x1, x1x2, x3x4,
x4x5, x5x6, x6x7, x7x0, x4x0 with 3, 2, 4, 3, 4, 1, 5, 1, respectively, and color x2x3 from {1, 3}
with respect to 4 and Uφ(y3). This yields a good coloring of G.
So Uφ(y6) = {1, 2, 4}. We then color x0x1, x1x2, x3x4, x4x5, x5x6, x6x7, x7x0, x4x0 with 5,
2, 1, 4, 3, 5, 1, 3, respectively, and color x2x3 from {3, 4} with respect to 1 and Uφ(y3). This
yields a good coloring of G.
If (ψ(x5y5), ψ(x7y7)) = (4, 5), suppose Uφ(y6) 6= {1, 2, 5}. Then color x0x1, x1x2, x3x4,
x4x5, x5x6, x6x7, x7x0, x4x0 with 3, 2, 4, 3, 5, 1, 5, 4, 1, respectively, and color x2x3 from
{1, 3} with respect to 4 and Uφ(y3). This yields a good coloring of G.
So Uφ(y6) = {1, 2, 5}. We then color x0x1, x1x2, x3x4, x4x5, x5x6, x6x7, x7x0, x4x0 with 4,
2, 1, 5, 3, 4, 1, 3, respectively, and color x2x3 from {3, 4} with respect to 1 and Uφ(y3). This
yields a good coloring of G.
Up to relabeling colors and symmetry, this completes the proof of Subcase 3.2, and so
completes the proof of Case 3. Thus, as we have exhausted all cases, the lemma holds. 
Proof of Lemma 17. We assume ψ and φ to be as described in the proof of Lemma 17 in Sec-
tion 5. Thus, in order to extend φ, it remains to color the edges of the cycle x0x1x2x3x4x5. As
a result, when we ‘color the cycle in order’ we color the edges x0x1, x1x2, x2x3, x3x4, x4x5, x5x0
in this order.
We will break the following argument into two cases depending on φ(x3y3). Within each
case we consider φ(x8) \ {α}, and within these subcases, we consider the values of α and β.
As in the proof of Lemma 16, we use claims to aid in the readability.
Case 1. φ(x3y3) = φ(x4y4) = 1.
Subcase 1.1. Uφ(x8) \ {α} = {1, 2}.
In this case, α, β ∈ {3, 4, 5}. So without loss of generality, assume α = 3 and β 6= 5. Let
β¯ be such that {β, β¯} = {3, 4}.
Claim. 4 ∈ Uφ(y1), and by symmetry, β¯ ∈ Uφ(y4).
Proof. Suppose 4 /∈ Uφ(y1). Let {γ1, γ2, γ3} = {2, 3, 5}. Suppose that 4 /∈ Uφ(y3). We color
x0x1 with 4, and then color x1x2 from {γ1, γ2, γ3} \ Uφ(y2). We may assume x1x2 is colored
with γ1. We then color x3x4 with 4, and color x4x5 (and x5x0) from {2, 5} with respect to
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4 and Uφ(y4). Let γ denote the color used on x4x5, and color {γ2, γ3} \ {γ}. This yields a
good coloring of G.
So 4 ∈ Uφ(y3). We color x0x1 and x1x2 with 4 and γ1, respectively, where γ1 /∈ Uφ(y2) as
above. Suppose γ1 = 5. Color x4x5 and x5x0 with 5 and 2, respectively. We then color x3x4
(and x2x3) from {2, 3} with respect to 5 and Uφ(y4). This yields a good coloring of G. A
similar argument holds when γ1 = 2 by switching the roles of 2 and 5.
So γ1 = 3 and Uφ(y2) = {1, 2, 5}, otherwise we could recolor x1x2 with either 2 or 5 as
above. Now Uφ(y4) = {1, 2, 5}, otherwise color the cycle in order with 4, 2, 3, 5, 2, 5. We
then color the cycle in order with 5, 4, 2, 5, β¯, 1. These are good colorings of G and prove
the claim. 
Claim. Uφ(y1) ∪ Uφ(y2) = {1, 2, 3, 4, 5}, and by symmetry, Uφ(y3) ∪ Uφ(y4) = {1, 2, 3, 4, 5}.
Proof. Suppose that 2 /∈ Uφ(y1)∪Uφ(y2). Then Uφ(y4) = {1, 2, 4}, otherwise color x0x1, x1x2,
x3x4, x4x5, x5x0 with 4, 2, 4, 2, 5, respectively, and color x2x3 from {3, 5} with respect to 4
and Uφ(y3). This yields a good coloring of G. Now Uφ(y3) = {1, 3, 5}, otherwise color the
cycle in order with 4, 2, 3, 5, 2, 5. We then color the cycle in order with 4, 2, 3, 4, 5, 2.
These are both good colorings of G.
A similar argument holds if 5 /∈ Uφ(y1) ∪ Uφ(y2) by switching the roles of 2 and 5. So we
may assume that only 3 /∈ Uφ(y1)∪Uφ(y2). Suppose Uφ(y3) 6= {1, 3, 4}. Color x0x1, x2x3, x3x4
with 4, 3, 4, respectively. We then color x1x2 from {1, 2} \Uφ(y1), and color x4x5 (and x5x0)
from {2, 5} with respect to 4 and Uφ(y4). This yields a good coloring of G.
So Uφ(y3) = {1, 3, 4}. Color x0x1 and x2x3 with 4 and 3, respectively. We then color
x1x2, x4x5 (and x3x4, x5x0) from {2, 5} with respect to 4 and Uφ(y1). This yields a good
coloring and proves the claim. 
Claim. Uφ(y1) = {1, 3, 4} and Uφ(y2) = {1, 2, 5}, and by symmetry, and Uφ(y4) = {1, β, β¯} =
{1, 3, 4} and Uφ(y3) = {1, 2, 5}.
Proof. Suppose Uφ(y1) = {1, 4, 5}. By the previous claim, Uφ(y2) = {1, 2, 3}. Suppose
β /∈ Uφ(y3). Color x0x1, x1x2, x2x3, x4x5, x5x0 with 2, β¯, β, β¯, 5, respectively. We then color
x3x4 with a color from {2, 5} \ Uφ(y4). This yields a good coloring of G.
So β ∈ Uφ(y3). If 2 /∈ Uφ(y4), then by the previous claim Uφ(y3) = {1, 2, β} and Uφ(y4) =
{1, β¯, 5}. Then color the cycle in order with 2, 4, 5, 2, β¯, 5. This is a good coloring of G.
Thus, Uφ(y4) = {1, 2, β¯}, and so Uφ(y3) = {1, β, 5}. If β = 3, we color the cycle in order
with 2, 5, 3, 2, 5, 4, to obtain a good coloring of G. If β = 4, we color the cycle in order
with 5, 2, 4, 3, 5, 2, to obtain a good coloring of G.
As above, a similar argument holds when Uφ(y1) = {1, 2, 4} by switching the roles of 2
and 5. Thus, as 1, 4 ∈ Uφ(y1), the claim holds. 
Now color x0x1, x1x2, x2x3, x3x4, x5x0 with 5, 4, 3, 2, 2, respectively. If β = 3, color x4x5
with 4. If β = 4, color x4x5 with 5. In either case, we obtain a good coloring of G, which
proves the subcase.
Subcase 1.2. Uφ(x8) \ {α} = {4, 5}.
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Subcase 1.2.1. (α, β) = (1, 1).
Claim. Uφ(y1) = {1, 4, 5}, and by symmetry Uφ(y4) = {1, 4, 5}.
Proof. Suppose Uφ(y1) 6= {1, 4, 5}. Also suppose Uφ(y3) 6= {1, 2, 3}. Then 2 ∈ Uφ(y2),
otherwise color x2x3, x3x4, x5x0 with 2, 3, 2, respectively, and then color x4x5, x1x2 (and
x0x1) from {4, 5} with respect to 3 and Uφ(y4). This yields a good coloring of G. A similar
argument holds if 3 /∈ Uφ(y2) by switching the roles of 2 and 3. So Uφ(y2) = {1, 2, 3}. Now
color x0x1, x1x2, x4x5 with 4, 5, 5, respectively, and then color x3x4 (and x2x3, x5x0) from
{2, 3} with respect to 5 and Uφ(y4). This yields a good coloring of G.
So Uφ(y3) = {1, 2, 3}. Suppose 2 /∈ Uφ(y2). Color x2x3, x4x5, x5x0 with 2, 3, 2, respectively.
We then color x3x4, x0x1 (and x1x2) from {4, 5} with respect to 3 and Uφ(y4). This yields a
good coloring of G.
A similar argument holds if 3 /∈ Uφ(y2) by switching the roles of 2 and 3. So Uφ(y2) =
{1, 2, 3}. Now color x0x1, x1x2, x3x4 with 4, 5, 4, respectively. We then color x4x5 (and
x2x3, x5x0) from {2, 3} with respect to 4 and Uφ(y4). This yields a good coloring of G and
proves the claim. 
By the existence of y1y2 in G
′, Uφ(y2) 6= {1, 4, 5}. Color x1x2, x2x3, x4x5 with 4, 5, 4,
respectively. Then color x3x4, x0x1 (and x5x0) from {2, 3} with respect to 5 and Uφ(y3).
Subcase 1.2.2. (α, β) = (1, 3).
Color x0x1 and x5x0 with 3 and 2, respectively, and color x0x1 from {4, 5} with respect
to 3 and Uφ(y1). Without loss of generality, assume x0x1 is colored with 4 so that Uφ(y1) 6=
{1, 3, 4}. Now color x2x3 from {2, 5} with respect to 4 and Uφ(y2). Let γ denote the color
used on x2x3. We then color x3x4 from {2, 3, 5} \ {γ} with respect to γ and Uφ(y3). Let δ
denote the color used on x3x4. If Uφ(y4) 6= {1, 4, δ}, then coloring x4x5 with 4 yields a good
coloirng of G. Note that γ 6= δ.
So Uφ(y4) = {1, 4, δ}. Assume x0x1, x1x2, x2x3, x5x0 are colored as above. Suppose γ = 5.
If 5 /∈ Uφ(y3), color x3x4 from {2, 3} \ Uφ(y4) and color x4x5 with 4. This yields a good
coloring of G.
So 5 ∈ Uφ(y3). Then Uφ(y2) = {1, 2, 4}, otherwise color the cycle in order with 3, 4, 2, 3,
5, 2. This is a good coloring of G. Since γ = 5, and γ 6= δ, Uφ(y4) 6= {1, 4, 5}. We then color
the cycle in order with 4, 3, 2, 4, 5, 2. This is a good coloring of G.
Thus γ = 2 so that Uφ(y2) 6= {1, 2, 4} and Uφ(y4) = {1, δ, 4} 6= {1, 2, 4}. Now Uφ(y3) =
{1, 2, 3}, otherwise color the cycle in order with 3, 4, 2, 3, 5, 2. This is a good coloring of G.
We then color x2x3, x3x4, x4x5, x5x0 with 5, 2, 4, 2, respectively, and color x1x2 (and x0x1)
from {3, 4} with respect to 5 and Uφ(y2). This yields a good coloring of G.
Subcase 1.2.3. α = β = 2.
Claim. Uφ(y1) = {1, 4, 5}, and by symmetry Uφ(y4) = {1, 4, 5}.
Proof. Suppose Uφ(y1) 6= {1, 4, 5}. Also suppose Uφ(y3) 6= {1, 2, 3}. Now 2 ∈ Uφ(y2),
otherwise color x2x3, x3x4, x5x0 with 2,3,1, respectively, and color x1x2, x4x5 (and x0x1)
from {4, 5} with respect to 2 and Uφ(y2). This yields a good coloring of G. Also 3 ∈ Uφ(y2),
otherwise color x2x3, x3x4, x5x0 with 3, 2, 3, respectively, and color x4x5, x1x2 (and x0x1)
from {4, 5} with respect to 2 and Uφ(y4). This yields a good coloring of G.
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So Uφ(y2) = {1, 2, 3}. Suppose Uφ(y3) 6= {1, 2, 3}. We then color x2x3 and x3x4 with 2
and 3, respectively, and color x4x5, x1x2 (and x0x1) from {4, 5} with respect to 3 and Uφ(y4).
This yields a good coloring of G.
So Uφ(y3) = {1, 2, 3}. Suppose Uφ(y4) 6= {1, 4, 5}. Now color x2x3 with 2. Then color
x1x2, x4x5 (and x0x1, x3x4) from {4, 5} with respect to 2 and Uφ(y2). This yields a good
coloring of G.
So Uφ(y4) = {1, 4, 5}. Color x2x3 and x4x5 with 2 and 3, respectively. We then color x1x2
(and x0x1, x3x4) from {4, 5} with respect to 2 and Uφ(y2). This yields a good coloring of G
and proves the claim. 
Suppose Uφ(y3) 6= {1, 2, 3}. Color x0x1, x2x3, x3x4, x4x5 with 3, 2, 3, 4, respectively. Then
color x1x2 from {4, 5} with respect to 2 and Uφ(y2). This yields a good coloring of G.
So Uφ(y3) = {1, 2, 3}, and by symmetry, Uφ(y2) = {1, 2, 3}. We then color the cycle in
order with 4, 3, 5, 4, 3, 1. This is a good coloring of G.
Subcase 1.2.4. (α, β) = (2, 3).
In the following, we will assume x5x0 is colored with 1.
Claim. Uφ(y1) = {1, 4, 5}, and by symmetry Uφ(y4) = {1, 4, 5}.
Proof. Suppose Uφ(y1) 6= {1, 4, 5}. Also suppose that Uφ(y4) 6= {1, 4, 5}. Now 2 ∈ Uφ(y2),
otherwise color x2x3 with 2, x1x2 (and x0x1) from {4, 5} with respect to 2 and Uφ(y2), and
color x3x4 (and x4x5) from {4, 5} with respect to 2 and Uφ(y3). This yields a good coloring
of G.
So 2 ∈ Uφ(y2), and by a similar argument 3 ∈ Uφ(y2). Thus, Uφ(y2) = {1, 2, 3}. Since we
are currently assuming that neither Uφ(y1) nor Uφ(y4) is {1, 4, 5}, by symmetry we deduce
that Uφ(y3) = {1, 2, 3}. We then color the cycle in order with 4, 5, 2, 4, 5, 1. This is a good
coloring of G.
So Uφ(y4) = {1, 4, 5}. Suppose Uφ(y3) 6= {1, 2, 3}. We color x2x3, x3x4, x4x5 with 3, 2, 4,
respectively. We then color x1x2 (and x0x1) from {4, 5} with respect to 3 and Uφ(y2). This
yields a good coloring of G.
So Uφ(y3) = {1, 2, 3}. Now color x2x3 and x4x5 with 3 and 2, respectively. Then color
x1x2 (and x0x1, x3x4) from {4, 5} with respect to 3 and Uφ(y2). This yields a good coloring
of G and proves the claim. 
Suppose 3 /∈ Uφ(y2). Color x1x2 and x3x4 with 3 and 2, respectively. Then color x2x3
(and x0x1, x4x5) from {4, 5} with respect to 2 and Uφ(y3). This yields a good coloring of G.
So 3 ∈ Uφ(y2), and by symmetry, 2 ∈ Uφ(y3). Color x0x1 and x3x4 with 3 and 2, respec-
tively. We then color x2x3 (and x1x2, x4x5) from {4, 5} with respect to 2 and Uφ(y3). This
yields a good coloring of G.
Up to relabeling colors and symmetry, this completes all subcases and proves Case 1
Case 2. φ(x3y3) = φ(x4y4) = 2.
Subcase 2.1. Uφ(x8) \ {α} = {1, 2}.
Without loss of generality, assume α = 3 and β, β¯ ∈ {3, 4} such that {β, β¯} = {3, 4}.
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In the following, suppose we have colored x0x1, x4x5, x5x0 with 2,1, 5, respectively. Let σ
denote this good partial coloring of G. Let {γ1, γ2, γ3} = {3, 4, 5}.
Claim. 2 ∈ Uσ(y1), and by symmetry 1 ∈ Uφ(y4).
Proof. Suppose 2 /∈ Uσ(y1). Color x1x2 with a color from {3, 4, 5} \ Uσ(y2). Without loss of
generaltiy, suppose it is γ1. If Uφ(y3) 6= {2, γ2, γ3}, color x3x4 (and x2x3) from {γ2, γ3} with
respect to 1 and Uφ(y4). This yields a good coloring of G.
So Uσ(y3) = {2, γ2, γ3}. We then color x1x2 and x2x3 with γ2 and γ1, respectively, and
color x3x4 from {γ2, γ3} with respect to 1 and Uφ(y4). This yields a good coloring of G and
proves the claim. 
Claim. Uσ(y1) ∪ Uσ(y2) = {1, 2, 3, 4, 5}, and by symmetry Uφ(y3) ∪ Uφ(y4) = {1, 2, 3, 4, 5}.
Proof. Without loss of generality, suppose γ1 /∈ Uσ(y1) ∪ σ(y2). If Uσ(y3) 6= {2, γ2, γ3}, color
x1x2 with γ1 and color x3x4 (and x2x3) from {γ2, γ3} with respect to 1 and Uφ(y4). This
yields a good coloring of G.
So Uφ(y3) = {2, γ2, γ3}. We then color x2x3 with γ1, color x1x2 from {γ2, γ3} with respect
to 2 and Uφ(y1), and color x3x4 from {γ2, γ3} with respect to 1 and Uφ(y4). This yields a
good coloring of G and proves the claim. 
Without loss of generality, assume Uσ(y1) = {1, 2, γ1} and Uσ(y2) = {1, γ2, γ3}. Suppose
γ2 /∈ Uφ(y4). We then color x3x4 with γ2 and color x2x3 (and x1x2) from {γ1, γ3} with respect
to γ2 and Uφ(y3). This yields a good coloring of G.
So Uφ(y4) = {1, 2, γ2}, however a similar argument holds if γ3 /∈ Uφ(y4). This proves the
subcase.
Subcase 2.2. Uφ(x8) \ {α} = {1, 5}.
Subcase 2.2.1. α = β = 2.
Claim. Uφ(y1) = {1, 3, 5}.
Proof. Suppose Uφ(y1) 6= {1, 3, 5}. If 4 /∈ Uφ(y3), color x2x3, x4x5, x5x0 with 4, 1, 4, respec-
tively, color x1x2 (and x0x1) from {3, 5} with respect to 4 and Uφ(y2), and color x3x4 from
{3, 5} with respect to 1 and Uφ(y4). This yields a good coloring of G.
So 4 ∈ Uφ(y3), and by a similar argument 1 ∈ Uφ(y4). Suppose 4 /∈ Uφ(y2). Color both
x2x3 and x5x0 with 4. We then color x3x4, x0x1 (and x1x2, x4x5) from {3, 5} with respect to
4 and Uφ(y3). This yields a good coloring of G.
So 4 ∈ Uφ(y2). Suppose 3 /∈ Uφ(y2). Color x0x1, x2x3, x3x4, x4x5, x5x0 with 5, 3, 5, 4, 3,
respectively, and color x1x2 from {2, 4} with respect to 5 and Uφ(y1). This yields a good
coloring of G.
Thus, Uφ(y2) = {1, 3, 4}, and by the existence of y1y2 in G
′, Uφ(y1) 6= {1, 3, 4}. Now
Uφ(y4) = {1, 2, 3}, otherwise color the cycle in order with 3, 4, 5, 3, 1, 4. We then color the
cycle in order with 3, 4, 5, 1, 4, 5. These are good colorings of G and proves the claim. 
By the existence of y1y2 in G
′, Uφ(y2) 6= {1, 3, 5}. Suppose Uφ(y3) 6= {2, 4, 5}. Color
x0x1, x1x2, x2x3, x3x4 with 4, 3, 5, 4, respectively. Then color x4x5 (and x5x0) from {1, 3}
with respect to 4 and Uφ(y4). This yields a good coloring of G.
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So Uφ(y3) = {2, 4, 5}. By the existence of y3y4 in G
′, Uφ(y4) 6= {2, 4, 5}. So color the cycle
in order with 4, 5, 3, 4, 5, 3. This is a good coloring of G.
Subcase 2.2.2. α = β = 3.
Suppose 2 /∈ Uφ(y1). Also, suppose Uφ(y4) 6= {1, 2, 5}. Color x0x1, x3x4, x4x5, x5x0 with 2,
5, 1, 4, respectively. Then color x2x3 (and x1x2) from {3, 4} with respect to 5 and Uφ(y3).
This yields a good coloring of G. So Uφ(y4) = {1, 2, 5}. However, a similar argument holds
if Uφ(y4) 6= {1, 2, 4}, a contradiction.
Thus, 2 ∈ Uφ(y1), and by symmetry 1 ∈ Uφ(y4). Now suppose 3 /∈ Uφ(y3). Color x2x3
and x5x0 with 3 and 2, respectively. Then color x1x2, x4x5 (and x0x1, x3x4) from {4, 5} with
respect to 3 and Uφ(y2). This yields a good coloring of G.
So 3 ∈ Uφ(y3), and by symmetry 3 ∈ Uφ(y2). Now suppose Uφ(y1) 6= {1, 2, 4}. Then
Uφ(y4) = {1, 2, 4}, otherwise color the cycle in order with 2, 4, 5, 4, 1, 4. Uφ(y3) = {2, 3, 5},
otherwise color the cycle in order with 2, 4, 5, 3, 4, 5. Uφ(y1) = {1, 2, 5}, otherwise color the
cycle in order with 2, 5, 4, 3, 5, 4. Uφ(y2) = {1, 3, 4}, otherwise color the cycle in order with
5, 3, 4, 5, 1, 4. We then color the cycle in order with 4, 5, 3, 4, 5, 2. These are each good
colorings of G.
So Uφ(y1) = {1, 2, 4}. Then Uφ(y4) = {1, 2, 5}, otherwise color the cycle in order with
2, 5, 4, 5, 1, 4. Uφ(y3) = {2, 3, 4}, otherwise color the cycle in order with 2, 5, 4, 3, 5, 4.
Uφ(y2) = {1, 3, 5}, otherwise color the cycle in order with 4, 3, 5, 4, 1, 2. We then color the
cycle in order with 5, 4, 3, 5, 4, 2. These are all good colorings of G.
Subcase 2.2.3. (α, β) = (3, 2).
Claim. Uφ(y1) = {1, 2, 5}.
Proof. Suppose Uφ(y1) 6= {1, 2, 5}. Color x2x3, x4x5, x5x0 with 4, 1, 4, respectively. Then
color x1x2 (and x0x1) from {2, 5} with respect to 4 and Uφ(y2). If 4 /∈ Uφ(y3), color x3x4
from {3, 5} with respect to 1 and Uφ(y4). Similarly, if 1 /∈ Uφ(y4), color x3x4 from {3, 5} with
respect to 4 and Uφ(y3). These are good colorings of G.
So 4 ∈ Uφ(y3) and 1 ∈ Uφ(y4). Suppose Uφ(y2) 6= {1, 2, 4}. Color x0x1, x1x2, x2x3, x5x0
with 5, 2, 4, 4, respectively. Then color x3x4 (and x4x5) from {3, 5} with respect to 4 and
Uφ(y3). This yields a good coloring of G.
So Uφ(y2) = {1, 2, 4}, and by the existence of y1y2 in G
′, Uφ(y1) 6= {1, 2, 4}. We then color
the cycle in order with 4, 2, 5, 3, 4, 5. This is a good coloring of G and proves the claim. 
Claim. Uφ(y2) = {1, 3, 4}.
Proof. Suppose Uφ(y2) 6= {1, 3, 4}. Also suppose Uφ(y4) 6= {1, 2, 5}. Color x0x1, x3x4, x4x5, x5x0
with 2, 5, 1, 4, respectively, and color x2x3 (and x1x2) from {3, 4} with respect to 5 and
Uφ(y3). This yields a good coloring of G.
So Uφ(y4) = {1, 2, 5}. Suppose Uφ(y3) 6= {2, 3, 5}. Then color x0x1, x2x3, x3x4, x4x5, x5x0
with 2, 5, 3, 1, 4, respectively, and color x1x2 from {3, 4} with respect to 5 and Uφ(y2). This
yields a good coloring of G.
So Uφ(y3) = {2, 3, 5}. We color the cycle in order with 2, 3, 4, 3, 5, 4. This is a good
coloring of G and proves the claim. 
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Now Uφ(y3) = {1, 2, 5}, otherwise color x0x1, x1x2, x2x3, x3x4, x5x0 with 4, 3, 5, 1, 5,
respectively, and color x4x5 from {3, 5} with respect to 1 and Uφ(y4). This is a good coloring
of G. We then color x0x1, x1x2, x2x3, x4x5 with 4, 5, 3, 4, respectively, and color x3x4 (and
x5x0) from {1, 5} with respect to 4 and Uφ(y4). This yields a good coloring of G.
Subcase 2.2.4. (α, β) = (2, 3).
Claim. Uφ(y4) = {1, 2, 5}.
Proof. Suppose Uφ(y4) 6= {1, 2, 5}. Also suppose Uφ(y2) 6= {1, 3, 4}. Color x0x1 and x5x0
with 5 and 4, respectively. Then color x1x2 (and x2x3) from {3, 4} with respect to 5 and
Uφ(y1). Let γ denote the color used on x1x2. We then color x3x4 (and x4x5) from {1, 5} with
respect to γ and Uφ(y3). This yields a good coloring of G.
So Uφ(y2) = {1, 3, 4}. By the existence of y1y2 in G
′, Uφ(y1) 6= {1, 3, 4}. Now color
x0x1, x1x2, x2x3, x4x5, x5x0 with 3, 4, 5, 1, 4, respectively. If 5 /∈ Uφ(y3), color x3x4 from
{3, 4} with respect to 1 and Uφ(y4). This yields a good coloring of G.
So 5 ∈ Uφ(y3), and by a similar argument 1 ∈ Uφ(y4). Now Uφ(y1) = {1, 3, 5}, otherwise
color the cycle in order with 3, 5, 4, 3, 5, 4. We then color the cycle in order with 3, 2, 4, 3,
5, 4. These are good colorings of G and prove the claim. 
Claim. Uφ(y2) = {1, 4, 5}.
Proof. Suppose Uφ(y2) 6= {1, 4, 5}. By the existence of y3y4 in G
′ and the previous claim,
Uφ(y3) 6= {1, 2, 5}. Then Uφ(y1) = {1, 3, 4}, otherwise color the cycle in order with 3, 4,
5, 1, 4, 5. Uφ(y3) = {2, 3, 4}, otherwise color the cycle in order with 3, 5, 4, 3, 5, 4.
Uφ(y2) = {1, 3, 5}, otherwise color the cycle in order with 4, 5, 3, 5, 4, 5. We then color the
cycle in order with 4, 2, 3, 5, 4, 5. These are each good colorings of G and prove the claim.

Again, by the existence of y3y4 in G
′, Uφ(y3) 6= {1, 2, 5}. So Uφ(y1) = {1, 3, 4}, otherwise
color the cycle in order with 4, 3, 5, 1, 4, 5. Also Uφ(y3) = {2, 3, 4}, otherwise color the cycle
in order with 5, 3, 4, 3, 1, 4. We then color the cycle in order with 4, 5, 3, 5, 4, 1. These are
good colorings of G.
Subcase 2.2.5. (α, β) = (3, 4).
Claim. Uφ(y4) = {1, 2, 5}.
Proof. Suppose Uφ(y4) 6= {1, 2, 5}. Also suppose Uφ(y1) 6= {1, 4, 5}. Color x2x3 and x5x0
with 3 and 2, respectively. Then color x1x2 (and x0x1) from {4, 5} with respect to 3 and
Uφ(y2), and color x3x4 (and x4x5) from {1, 5} with respect to 3 and Uφ(y3). This yields a
good coloring of G.
So Uφ(y1) = {1, 4, 5}. Now Uφ(y2) = {1, 3, 4}, otherwise color x0x1, x1x2, x2x3, x5x0 with
5, 3, 4, 2, respectively, and color x3x4 (and x4x5) from {1, 5} with respect to 4 and Uφ(y3).
This yields a good coloring of G.
Also Uφ(y3) = {2, 3, 5}, otherwise color the cycle in order with 4, 2, 3, 5, 1, 2. We then
color the cycle in order with 5, 2, 4, 3, 5, 2. These are good colorings of G and prove the
claim. 
31
By the existence of y3y4 in G
′, Uφ(y3) 6= {1, 2, 5}.
Claim. Uφ(y3) = {2, 4, 5}.
Proof. Suppose Uφ(y3) 6= {2, 4, 5}. Color x0x1, x2x3, x3x4, x4x5, x5x0 with 5, 4, 5, 3, 2, re-
spectively. If 5 /∈ Uφ(y1), color x1x2 from {2, 3} with respect to 4 and Uφ(y2). This yields a
good coloring of G.
So 5 ∈ Uφ(y1), and by a similar argument 4 ∈ Uφ(y2). We then color the cycle in order
with 2, 3, 5, 1, 3, 5. This is a good coloring of G and proves the claim. 
Now Uφ(y2) = {1, 4, 5}, otherwise color x0x1, x3x4, x4x5, x5x0 with 2, 1, 3, 5, respectively,
and then color x1x2 (and x2x3) from {4, 5} with respect to 2 and Uφ(y1). This yields a good
coloring of G. We then color x0x1, x2x3, x3x4, x4x5, x5x0 with 5, 4, 3, 5, 2, respectively, and
color x1x2 from {2, 3} with respect to 5 and Uφ(y1). This yields a good coloring of G.
Up to relabeling colors and symmetry, this proves the subcase.
Subcase 2.3. Uφ(x8) \ {α} = {4, 5}.
Subcase 2.3.1. α = 1 and β ∈ {1, 2}.
Claim. Uφ(y4) = {2, 4, 5}.
Proof. Suppose Uφ(y4) 6= {2, 4, 5}. Color x0x1, x2x3, x5x0 with 2, 3, 3, respectively, and color
x3x4 (and x4x5) from {4, 5} with respect to 3 and Uφ(y3). If 2 /∈ Uφ(y1), color x1x2 from
{4, 5} with respect to 3 and Uφ(y2). This yields a good coloring of G.
So 2 ∈ Uφ(y1), and by symmetry 3 ∈ Uφ(y2). Suppose 3 /∈ Uφ(y3). Color both x2x3 and
x5x0 with 3. We then color x1x2, x4x5 (and x0x1, x3x4) from {4, 5} with respect to 3 and
Uφ(y2). This yields a good coloring of G.
So 3 ∈ Uφ(y3). Suppose 1 /∈ Uφ(y4) or {4, 5} ∩ Uφ(y4) = ∅. Color x0x1, x3x4, x5x0 with 2,
1, 3, respectively. Then color x1x2, x4x5 (and x2x3) from {4, 5} with respect to 2 and Uφ(y1).
This yields a good coloring of G.
So without loss of generality, Uφ(y4) = {1, 2, 4}. Now Uφ(y1) = {1, 2, 5}, otherwise color
the cycle in order with 2, 5, 4, 1, 5, 3. We then color x0x1, x1x2, x4x5 with 2, 3, 3, respec-
tively, and color x2x3, x5x0 (and x3x4) from {4, 5} with respect to 3 and Uφ(y2). This yields
a good coloring of G and proves the claim. 
Recall that by the existence of y3y4 in G
′, Uφ(y3) 6= {2, 4, 5}. Suppose Uφ(y2) 6= {1, 4, 5}.
Color x0x1 and x4x5 with 2 and 3, respectively. Then color x1x2, x3x4 (and x2x3, x5x0) from
{4, 5} with respect to 2 and Uφ(y1). This yields a good coloring of G.
So Uφ(y2) = {1, 4, 5}, and by the existence of y1y2 in G
′, Uφ(y1) 6= {1, 4, 5}. Uφ(y3) =
{1, 2, 3}, otherwise color the cycle in order with 4, 5, 3, 1, 5, 3. This is a good coloring of G.
If β = 2, color the cycle in order with 4, 5, 3, 4, 1, 3. If β = 1, color x1x2, x4x5, x5x0
with 3, 3, 2, respectively, and color x0x1, x3x4 (and x2x3) from {4, 5} with respect to 3 and
Uφ(y1). This yields a good coloring of G.
Subcase 2.3.2. (α, β) = (2, 1).
Claim. Uφ(y1) = {1, 4, 5}, and by symmetry Uφ(y4) = {2, 4, 5}.
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Proof. Suppose Uφ(y1) 6= {1, 4, 5}. Also suppose Uφ(y4) 6= {2, 4, 5}. Then color both x2x3
and x5x0 with 3, color x1x2 (and x0x1) from {4, 5} with respect to 3 and Uφ(y2), and color
x3x4 (and x4x5) from {4, 5} with respect to 3 and Uφ(y3). This yields a good coloring of G.
So Uφ(y4) = {2, 4, 5}. Suppose Uφ(y2) 6= {1, 4, 5}. We then color x0x1, x4x5, x5x0 with 3,
4, 3, respectively, and color x1x2, x3x4 (and x2x3) from {4, 5} with respect to 3 and Uφ(y1).
This yields a good coloring of G.
So Uφ(y2) = {1, 4, 5}. Also Uφ(y1) = {1, 2, 3}, otherwise color the cycle in order with 3, 2,
4, 5, 3, 5. Uφ(y3) = {1, 2, 3}, otherwise color the cycle in order with 4, 5, 3, 1, 4, 3. We then
color the cycle in order with 4, 2, 5, 3, 4, 3. These are good colorings of G and prove the
claim. 
Now color x1x2, x3x4, x5x0 with 3, 1, 3, respectively. If 3 /∈ Uφ(y2), color x2x3 (and
x0x1, x4x5) from {4, 5} with respect to 1 and Uφ(y3). This yields a good coloring of G.
So 3 ∈ Uφ(y2), and by a similar argument 1 ∈ Uφ(y3). Similar arguments show that
2 ∈ Uφ(y2) and 3 ∈ Uφ(y3) by coloring x1x2, x3x4, x5x0 with 2, 3, 3, respectively.
So Uφ(y2) = Uφ(y3) = {1, 2, 3}. We then color the cycle in order with 3, 5, 4, 5, 3, 4. This
is a good coloring of G.
Subcase 2.3.3. α = β = 3.
Claim. Uφ(y1) = {1, 4, 5}, and by symmetry Uφ(y4) = {2, 4, 5}.
Proof. Suppose Uφ(y4) 6= {2, 4, 5}. Color x0x1, x2x3, x5x0 with 2, 3, 1, respectively, and color
x3x4 (and x4x5) from {4, 5} with respect to 3 and Uφ(y3). If 2 /∈ Uφ(y1), color x1x2 from
{4, 5} with respect to 3 and Uφ(y2). This yields a good coloring of G.
So 3 ∈ Uφ(y2) and by a similar argument 2 ∈ Uφ(y1). Suppose 3 /∈ Uφ(y3). Color x2x3
and x5x0 with 3 and 1, respectively. Then color x1x2, x4x5 (and x0x1, x3x4) from {4, 5} with
respect to 3 and Uφ(y2). This yields a good coloring of G.
So 3 ∈ Uφ(y3). Suppose 1 /∈ Uφ(y4) or {4, 5} ∩ Uφ(y4) = ∅. Color x0x1, x3x4, x5x0 with 2,
1, 1, respectively. Then color x1x2, x4x5 (and x2x3) from {4, 5} with respect to 2 and Uφ(y1).
This yields a good coloring of G.
So without loss of generality, Uφ(y4) = {1, 2, 4}. Then Uφ(y1) = {1, 2, 5}, otherwise color
the cycle in order with 2, 5, 4, 1, 5, 1. Uφ(y3) = {2, 3, 5}, otherwise color the cycle in order
with 2, 4, 5, 3, 1, 4. Uφ(y2) = {1, 3, 4}, otherwise color the cycle in order with 2, 3, 4, 5, 1,
4. We then color the cycle in order with 4, 5, 3, 4, 5, 1. These are each good colorings of G
and prove the claim. 
Recall that by the existence of y1y2 and y3y4 inG
′, Uφ(y3) 6= {2, 4, 5} and Uφ(y3) 6= {2, 4, 5}.
Thus, we color the cycle in order with 2, 4, 5, 4, 1, 4. This is a good coloring of G.
Subcase 2.3.4. α = 3 and β ∈ {1, 2}.
Let β¯ ∈ {1, 2} such that {β, β¯} = {1, 2}.
Claim. Uφ(y4) = {2, 4, 5}.
Proof. Suppose Uφ(y4) 6= {2, 4, 5}. Also suppose Uφ(y1) 6= {1, 4, 5}. Color x2x3 and x5x0
with 3 and β¯, respectively. Then color x1x2 (and x0x1) from {4, 5} with respect to 3 and
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Uφ(y2), and color x3x4 (and x4x5) from {4, 5} with respect to 3 and Uφ(y3). This yields a
good coloring of G.
So Uφ(y1) = {1, 4, 5}. Now suppose Uφ(y2) 6= {1, 2, 3}. Color x0x1, x1x2, x2x3, x5x0 with 5,
2, 3, β¯, respectively. Then color x3x4 (and x4x5) from {4, 5} with respect to 3 and Uφ(y3).
This yields a good coloring of G.
So Uφ(y2) = {1, 2, 3}. Now color x0x1, x1x2, x3x4, x5x0 with 5, 2, 3, β¯, respectively. If
3 /∈ Uφ(y3), color x4x5 (and x2x3) from {4, 5} with respect to 3 and Uφ(y4). This yields a
good coloring of G.
So 3 ∈ Uφ(y3), and by a similar argument 3 ∈ Uφ(y4). Now color x1x2, x4x5, x5x0 with 2,
3, β¯, respectively. Then color x3x4, x0x1 (and x2x3) from {4, 5} with respect to 3 and Uφ(y4).
This yields a good coloring of G and proves the claim. 
Recall that by the existence of y3y4 in G
′, Uφ(y3) 6= {2, 4, 5}. Color x1x2, x4x5, x5x0 with
2,3, β¯, respectively. If 2 /∈ Uφ(y1), color x2x3 (and x0x1, x3x4) from {4, 5} with respect to 2
and Uφ(y2). This yields a good coloring of G.
So 2 ∈ Uφ(y1), and by a similar argument 2 ∈ Uφ(y2). We then color x0x1, x2x3, x3x4, x5x0
with 2, 4, 5, 4, respectively, and color x1x2 from {3, 5} with respect to Uφ(y1). If β = 1,
color x4x5 with 3. If β = 2, color x4x5 with 1. In either case we obtain a good coloring of G.
Up to symmetry and permuting colors, this completes the subcase, and so completes the
proof of Case 2. As we have exhausted all cases, the lemma holds. 
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